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Preface

The goal of this monograph is to prove new instances of relations between
special cycles on integral models of Shimura varieties, and the Fourier coefficients
of derivatives of Eisenstein series. The prototype of such a relation appears in
the famous work of Gross and Zagier [17], where the special cycles are linear
combinations of Heegner points on the integral model of the modular curve Xo(N),
and the Eisenstein series in question appears in the integral representation of a
Rankin—Selberg L-function.

A program to generalize such relations to other Shimura varieties, and to
Eisenstein series on higher rank groups, has been initiated by Kudla [26, 28], and
in many special cases such relations have been proved. To give few examples, the
book [34] of Kudla, Rapoport, and the second author relates the intersections of
cycles of CM points on Shimura curves to a Siegel Eisenstein series of genus two,
and uses these relations to prove new formulas of Gross—Zagier type. Here one
may think of the Shimura curve as being associated with the GSpin cover of a
reductive group of type SO(1,2), and of the CM points as arising from a family
of embeddings SO(0, 2) — SO(1, 2). In a similar spirit, Kudla and Rapoport study
in [29] the triple intersection of divisors on an SO(2,2) Shimura variety arising
from embeddings SO(1,2) — SO(2, 2), and relate these intersections to the Fourier
coefficients of a Siegel Eisenstein series of genus three. In [30] those same authors
study the fourfold intersection of divisors on a Shimura variety of type SO(3,2)
arising from embeddings SO(2,2) — SO(3, 2), and relate these intersections to a
Siegel Eisenstein series of genus four. When n > 3, the interpretation of orthogonal
Shimura varieties of signature (n,2) as moduli spaces of abelian varieties breaks
down, slowing further progress in this direction. A conjectural picture for all n
is described in [28]. Fortunately, the Shimura varieties of type GU(p, ¢) have a
moduli interpretation for all signatures (p, ¢), providing fertile ground for future
research. Recent work of Kudla and Rapoport [31,32] treats the n-fold intersections
of divisors arising from embeddings GU(n—2, 1) — GU(n—1, 1), and their relation
to Fourier coefficients of Eisenstein series on U(n, n).

In the series of papers [5,57,58], Bruinier and the second author study a different
problem, in which a family of divisors on a Hilbert modular surface is intersected
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with a fixed cycle of codimension two. If one views the Hilbert modular surface
as the Shimura variety associated with the GSpin cover of a reductive group of
type SO(2,2), then the family of divisors arise from embeddings SO(1,2) —
SO(2,2), and are commonly known as Hirzebruch—Zagier divisors. The fixed cycle
of codimension two arises from an embedding SO(2,0) x SO(0,2) — SO(2,2).
Under the moduli interpretation of the Hilbert modular surface, the Hirzebruch—
Zagier divisors correspond to embedded Shimura curves, and the codimension two
cycle corresponds to a collection of complex multiplication points. The papers just
cited relate these intersection multiplicities of these cycles to the Fourier coefficients
of the pullback of a Hilbert modular Eisenstein series via the diagonal embedding
H — H x H of the complex upper half plane.

The main result of this monograph is an arithmetic interpretation of the original
Fourier coefficients of the Hilbert modular Eisenstein series, rather than the
coefficients of its diagonal restriction. Many of the main results of [57, 58] then
follow as easy corollaries, and with fewer unwanted hypotheses. In particular, we
obtain results in the case where the field of complex multiplication is a biquadratic
extension of Q. In this case, excluded in the work of Bruinier and the second author
cited above, the cycle of complex multiplication points and the Hirzebruch—Zagier
divisors may have nonempty intersection in the complex fiber of the Hilbert modular
surface.

The relations we prove among intersection multiplicities and Eisenstein series
strongly suggest (and are a step toward proving) a Gross—Zagier style theorem for
Hilbert modular surfaces, as explained later in the introduction.

Finally, the methods used here to study cycles on Hilbert modular surfaces
apply equally well to cycles on a product of modular curves. In this setting, the
Hirzebruch—Zagier divisors are replaced by the classical Hecke correspondences,
and our methods yield a refined version of the results of Gross and Zagier on the
prime factorizations of singular moduli [16]. Because the proofs simplify drastically
in this degenerate case, it is treated in a separate paper [22].
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Chapter 1
Introduction

1.1 The Set-up

Let F be a real quadratic field of discriminant dr and different © g, and denote
by o € Gal(F/Q) the nontrivial Galois automorphism of F. Associated to F is a
Hilbert modular surface M. The algebraic stack M is defined as the moduli space of
abelian surfaces A equipped with an action of &, and with an Or-linear principal
polarization; see Chap.3 for more details. We refer to such A as Of-polarized
RM abelian surfaces. The abbreviation RM stands for real multiplication, and the
OF in Ofg-polarization indicates that the polarization is principal (in much of the
text we allow a more general class of polarizations; see Sect.3.1). It is known
that M is regular, flat over Spec(Z) of relative dimension two, and smooth over
Spec(Z[1/dF]).

For every positive integer m, Hirzebruch and Zagier constructed a divisor on
the complex fiber M(C), and in [29] Kudla and Rapoport gave a moduli-theoretic
description of this divisor. Define T(m) to be the the moduli space of pairs (A, j)
in which A is an OFf-polarized RM abelian surface, and j is a Rosati fixed
endomorphism satisfying j o j = mand j ox = x° o j forall x € OF. The
morphism T(m) — M defined by “forget j” is finite and unramified, and the image
is a codimension one cycle whose complex fiber is equal to the divisor constructed
by Hirzebruch and Zagier. As the subring of endomorphisms of A generated by Or
and j is an order in an indefinite quaternion algebra, the stacks T (m) are essentially
integral models of quaternionic Shimura curves. The Hirzebruch-Zagier divisors
T(m) are studied by Kudla and Rapoport in [29], and by Terstiege in [52, 53]. In
those papers the goal, following the conjectures of [28], is to relate the intersection
multiplicity of three Hirzebruch—Zagier divisors on M to the Fourier coefficients of
the central derivative of a Siegel Eisenstein series of genus three.

On the other hand, the second author proved a different kind of intersection
formula in [57, 58], which was first conjectured in joint work with Bruinier [5].
Under some technical restrictions this formula relates the intersection multiplicity
of T(m) against a fixed codimension two cycle of complex multiplication points
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on M, with the diagonal restriction of the central derivative of a Hilbert modular
Eisenstein series of weight one. Our Theorem E is a generalization of this result.
The central problem of the current work is to find an arithmetic interpretation of the
Hilbert modular Eisenstein series itself, before one takes the diagonal restriction.
This is Theorem C below, from which Theorem E follows more or less directly.

Let E be a quartic CM field with real quadratic subfield F. There are three
mutually exclusive possibilities:

¢ (cyclic) £/Q is a Galois field extension and Gal(E/Q) =~ Z/4Z,
* (biquad) E = E;| ®q E; for quadratic imaginary fields E| % E»,
¢ (mongal) £/Q is a non-Galois field extension,

and in all cases we denote by a +— a the complex conjugation on E. Given a CM
type X of E, let Ex be the reflex field of X, and let Oy be the ring of integers of
Es. There is a quartic Q-algebra E¥, the reflex algebra of E, characterized up to
isomorphism by the existence of an Aut(C/Q)-equivarient bijection

{CM types of E} =~ Hom(E*, C),

denoted ¥ > ¢ and satisfying ¢ (E?) = Ex. In cases (cyclic) and (nongal) E?
is a quartic CM field; in case (biquad) E* =~ E| x E,. In all cases we denote by
F' the maximal totally real subalgebra of E¥, so that F* is a real quadratic field in
cases (cyclic) and (nongal), and F¥ =~ Q x Q in case (biquad).

To the data (E, X') we attach an algebraic stack CMy, étale and proper over
Spec(Ox). This stack is defined as the moduli space of principally polarized abelian
surfaces over O'x-schemes with complex multiplication by O, and satisfying the
XY-Kottwitz condition of Sect. 3.2. The obvious forgetful morphism CMy — M, gy,
is finite and unramified, and its image is a codimension two cycle on M, g .

In Sect.2.3 we define an Or-polarized CM module T to be a projective Of-
module of rank one equipped with a perfect Z-valued symplectic form (suitably
compatible with the &'r-action). To each such T there is an associated CM type, and
we denote by X x the finite set of isomorphism classes of &'r-polarized CM modules
with CM type X. Taking the first homology of an &'r-polarized CM abelian surface
over C defines a bijection CMy (C) — Xz, but we prefer to think of elements of X5
as purely linear algebraic (as opposed to algebro-geometric) objects. In Sect. 4.5
we attach to each T € Xy an incoherent quadratic space € (T) of rank two over
the adele ring A gs. The incoherence condition means that 4’(T) does not arise as
the adelization of any quadratic space over F*. Using the Weil representation, we
then associate to ¢ (T) an incoherent Hilbert modular Eisenstein series E(z, s, T)
of parallel weight one for the group GL,(A:). Here T = u + iv is an element of
the F* upper half-plane

Hp = {utiviuve F,v> 0} CFL
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(here and always, the notation > 0 means fotally positive). A choice of
isomorphism F;  ~ R x R identifies Nrr = H x H with a product of two complex
upper half-planes. Define

E(r.s.X)= Y E(t.s.7T).

TeXy

The incoherence condition implies that E(t,s, X') vanishes at s = 0, and the
derivative at s = 0 has a Fourier expansion

E' (7,0, %) = Z cx(a,v)-q%,
a€Ft

2wix

in which e(x) = e and

q* = e(Tan/Q(OlT))-

In cases (cyclic) and (nongal) the Eisenstein series E(t, s, X') will turn out to be
independent of the CM type X'. See Corollary 5.3.5.

Roughly speaking, the main results of [57,58] relate the intersection multiplicity
of T(m),;e¢, and CMy to the Fourier coefficients c¢x (o, v), under some restrictive
hypotheses on the extension E/Q. These hypotheses exclude case (biquad), and
imply that E(z,s, T) is independent of T. The results assert that the intersection
multiplicity of T(m), ¢, and CMy is equal to

1
_WE Z cx(a,v),

a€F a0
Tan/Q(a)=m

where Wy is the number of roots of unity in £*. This formula suggests that one
should look for a decomposition of the scheme theoretic intersection

T(m) N CMy = T(m) /65 Xu,,, CMsx,

into a disjoint union of zero cycles indexed by totally positive @ € F* of trace m, in
such a way that the arithmetic degree of the ath zero cycle is essentially cx (o, v).
To find such a decomposition, first reconsider the definition of T(m). If S is a
connected scheme and A € M(S), let L(A) be the space of special endomorphisms
of A in the sense of Chap. 3.1. Thus L(A) consists of those endomorphisms j of A
that are fixed by the Rosati involution and satisfy j ox = x% o j forall x € OF. The
Z-module L(A) is free of rank at most four, and carries a positive definite quadratic
form Qa(j) = j oj. Thus an S-valued point of T(m) consists of a pair (A, j) with
A € M(S), and j € L(A) satisfying Qa(j) = m. Now suppose S is a connected
Ox-scheme, and we are given an S-valued point of T(m) N CMy. Such a point
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consists of a pair (A, j) as above, but now A has complex multiplication by 0.
We will see in Sect. 3.2 that this complex multiplication endows V(A) = L(A)®zQ
with the structure of an E*-module, and that there is a unique totally positive definite
F*-quadratic form Qg on V(A) satisfying

QA = Trpu/Q o Qi

It follows that there is a decomposition:

TmyncMg = || cMz()

a€F!
TrFu/@(oz)=m

in which CMyx () is the moduli space of pairs (A, j) over Ox-schemes, with A
an Og-polarized CM abelian surface satisfying the ¥'-Kottwitz condition, and j €

L(A) satisfying Qg(j) =a.

1.2 The Theorems

The following result will be proved in Sect. 3.3.

Theorem A If o € F" is totally positive then CMx(x) has dimension zero.
Furthermore, all geometric points have the same nonzero residue characteristic,
and represent supersingular abelian surfaces.

Suppose we are in case (cyclic) or (nongal), so that F Pisafield. f « € F*
has trace m > 0 then certainly o € (F¥)*. If such an « is not totally positive
then CMx () = @, as Qg is totally positive definite. Thus Theorem A implies that
T(m)NCMy is zero dimensional, and T(m), ¢, and CMy intersect properly on Mg
In case (biquad) this argument breaks down. In this situation F¥ =~ Q x Q, and
so there are « € F* of trace m > 0 with @ ¢ (F%)*. For such an o the stack
CMy (o) may have irreducible components of dimension one, and so CMy may have
irreducible components contained in T(m), ¢y,

For each totally positive o« € F? define the arithmetic degree

—~ length(O%h )
deg CMx (@) = Zlog(Nm(q)) Z _ #Au:(MZ);( )2
g €My (@) (FL2)
where the outer sum is over all primes q of Oy, ﬁé‘;,lx(a).z is the strictly Henselian

local ring at z (i.e. the local ring for the étale topology), the length of this ring is its
length as a module over itself, and the automorphism group Aut(z) is computed in
the category CMx (o) (Fﬁlg). For each prime p let
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E,= @p({n(x) :x € Eandrm € Hom(E,Q"I‘}g)})

be the smallest extension of @@, containing the image of every Q-algebra map = :
E — Q;lg.

Hypothesis B We will sometimes impose the following conditions on a prime p:

1. the degree of the extension IE, /Q, is less than or equal to 4, and
2. the ramification degree of E,/Q, is strictly less than p.

Hypothesis B is fairly mild. For example it holds if p is unramified in E, or if
p > 5and E/Q is Galois.

Theorem C Suppose a € F' is totally positive, and that CMyx () is supported in
characteristic p for a prime satisfying both conditions of Hypothesis B. Then

— 1
deg CMx(a) = W ccx(o,v)
E

where W is the number of roots of unity in E. In particular, the right hand side is
independent of v € (Fﬂg)»o.

Theorem C is stated in the text as Theorem 5.1.1, and is proved in Sect. 5.2.
The proof relies heavily on local deformation theory calculations postponed until
Chap. 6. The second condition of Hypothesis B arises from the use of crystalline
deformation theory in the proof of Proposition 6.2.3, and would require new ideas
to remove from the hypotheses of Theorem C. The first condition of Hypothesis B
could probably be removed, but doing so would require adding new cases to the
already lengthy local calculations in Chap. 6; see Remark 5.2.4.

Of course Theorem C leads to the obvious question: is there an arithmetic
interpretation of the Fourier coefficients ¢ x (o, v) even when « is not totally positive.
This question is closely tied up with archimedean intersection theory, and with the
construction of Green functions for the divisors T(m) on M. To formulate such a
result, we introduce in Sect.5.3 the arithmetic Chow goup @I(CMZ) of Gillet-
Soulé, defined as the rational equivalence classes of pairs (Z, G), where Z is a Weil
divisor on CMy with rational coefficients, and G is a Green function for Z. Of course,
as CMy is smooth of relative dimension 0 over Oy, a divisor on CMy is simply a
weighted sum of closed points, and so Z(C) = @. Thus a Green function for Z is
just a function on the finite set of complex points of CMy.

When o € (F%)* is totally positive, the forgetful map CMy (o) — CMy allows
us to view CMy (&) as a divisor Zx () on CMy, and we obtain an arithmetic cycle
class -

Zy(a.v) = (zx(@),0) € Ch'(CMy)

independent of v € (Fﬂg)»o. When o € (F') is not totally positive we construct,
in Definition 5.3.2, a function G(e, v, -) on the complex fiber of CMy, depending
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on an auxiliary totally positive v € Fﬂg. This allows us to extend the definition of
Zy(a,v) toa % 0by

Zs(a,v) = (0,G(er, v, -)) € Ch!(CMyx).
The arithmetic Chow group comes equipped with a linear functional
deg : Ch'(cMy) — R

defined in Sect.5.3. Combining Theorem 5.3.1 and Theorem 5.3.4 yields the
following theorem.

Theorem D Suppose that Hypothesis B holds for all primes p. For any o € (F%)*,
and any totally positive v € F; Ii, we have

—_— 1
deg Zx(a,v) = W -ex(a,v).
E

The finite intersection multiplicity (T (/) : CMy)sn is defined in Sect. 5.4, and
is essentially the sum of the lengths of all local rings of T(m) N CMy. To define
an archimedean component to the intersection, we construct in Sect. 5.3, following
ideas of Kudla [26] and Bruinier [3], a Green function Gr(m, v, -) on M(C) with a
logarithmic singularity along T(m)(C). The Green function depends on the choice
of a positive parameter v € R, and is defined for all nonzero m € Z;it m < 0
then T(m) = @ and Gr(m, v, -) is a smooth function on M(C). In (5.11) we define
Gr(m, v, CMy) by summing the values of Gr(m, v, -) at the complex points of CMy.
This sum is finite, provided that we are either in case (cyclic) or (nongal) so that the
complex fibers of T(m) and CMy are disjoint. For every nonzero m € 7Z define an
arithmetic divisor

T(m,v) = (T(m),Gr(m,v, ))

on M. The right hand side is simply the formal pair consiting of T () with its Green
function Gr(m, v, -). The arithmetic intersection of CMy with T(m,v) is defined,
following [2], by

(’T\(m,v) : CMyg) = (T(m) : CMx)gn + % - Gr(m,v,CMy).

On the automorphic side, let ix : H — $Hp: be the diagonal embedding
of the usual complex upper half-plane. The pullback of E’(r,0,X) to § is a
nonholomorphic modular form of weight two with a Fourier expansion

E'(ia(7).0.2) =Y bx(m.v)-q"

meZ

in which
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by(m,v) = Z cx(a,v).

a€F!
Trpn/Q(a)=m

Nowt =u+iv e $,and ¢" = e(mrt) as usual.
Theorem E Suppose that we are either in case (cyclic) or (nongal), and that

Hypothesis B holds for all primes p. For any positive v. € R and any nonzero
meZ,

(T(m,v) : CMx) = _WLE -by(m,v).

Theorem E is stated in the text as Theorem 5.4.1; a special case of this theorem
was proved, using a different method, by the second author in [58].

(T(m) : CMx)fin = Z deg Zx (a,v)
a€FT a0
TrFu/@(oz)=m

and

1 —
2 -Gr(m,v,CMy) = Z deg Zx (o, v),

a€F1 a0
Trpu/Q(oz)=m

and then applying Theorem D.

1.3 Speculation and Open Questions

For a choice of toroidal compactification M < M* one may define the codimension
one arithmetic Chow group (/ZI\JI(M;‘ﬁE) of Gillet-Soulé as in [13] or [4,6, 12]. The
elements of this arithmetic Chow group are rational equivalence classes of pairs
Z = (2,G) where Z is a divisor on M7ﬁx and G is a Green function for Z. The

intersection multiplicity Z > (Z : CMy), initially defined only when Z and CMy
intersect properly, extends in a canonical way to a linear functional

d/e\gCMx . @II(MTﬁz‘) — R,

the arithmetic degree along CMy, defined as the composition

_ . &
CH'(*,) 1> ' (cmy) <5 R

where f : CMy — M?ﬁ; is the forgetful map.

One would like to view T(m,v) as an element of the above arithmetic Chow
group. Unfortunately, the behavior of the Green function Gr(m,v,-) near the
boundary of M* is not well understood, unlike that of the Green function @(m, -) for
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T(m) constructed by Bruinier and studied in [3,4]. For this reason, the arithmetic
intersection theory of Theorem E takes place on the open Hilbert modular surface
M. Suppose this obstacle can be overcome, and that one can define classes

T(m.v) e CH'(M},,)

for all m in such a way that Theorem E continues to hold (including the case
(biquad) and including the case m = 0):

— 1
degewsT(m,v) = _W ~bx(m,v). (1.D)
E

Suppose further that the formal generating series

O(t) = —Wg - Y T(m.v)-q" € CH' (M},,)llq]]

is a vector-valued modular form of weight 2. In fact Bruinier-Burgos-Kiihn [4] prove
precisely such a result, but with a different choice of Green function for T(m). If one
views © as an arithmetic version of a classical theta function, then, following the
philosophy of Kudla, the equality (1.1) may be viewed as an arithmetic Siegel-Weil
formula -

degeuy O(1) = E'(ia(7),0, X)

relating @ to the central derivative of an Eisenstein series.
As in [28, 34], given a cusp form f of weight 2, one may form the arithmetic
theta lift
@f — (f(‘l,'), @(.L,))Petersson c é-f{l(M;(ﬁx)s

and the holomorphic function

ZLs(f.s) = (f(r), E(ia(7),s, 2)>Pelersson'

Obviously Zx( f,s) vanishes at s = 0. The arithmetic theta lift &, is defined by

integrating a vector-valued function, and by moving the linear functional degcy;,
inside the integral one finds the amusing Gross—Zagier style formula

T 0, = (). Tz O
= (f(f), E/(iA(T), O’ 2)>P€terss()n
= Z5(1.0).

Apart from the trivial observation that it inherits analytic continuation and a
functional equation from the Eisenstein series, the nature and properties of the
function Z5(f,s) are unclear. Closely related functions appear in the work of
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Gross—Kohnen—Zagier [15, Section III], but the specific function Zx(f,s) con-
structed here is in need of further study.

1.4 Permanent Notation

Throughout the entirety of the text, F' denotes a fixed real quadratic field of
discriminant dr and different © r, and E is a quartic CM field with maximal totally
real subfield F. The nontrivial element of Gal(F/Q) is denoted o, and F>° denotes
the set of totally positive elements of F. Attached to F and E are two (Q-algebras
F' and E¥, defined in Sect.2.1. The reflex field of a CM type X of E is denoted
Ey, and its ring of integers is O's. The letter ¢ is reserved for a fractional ideal of
O, which will always satisfy ¢~! C OF. In the applications we will only need the
case c = OF.

If £ is a place of Q and M is a Z-module (or Z- algebra) we abbreviate M, =
M ®y Zy; we also abbreviate M=M Rz 7, where 7 is the profinite completion
of Z. Let A be the adele ring of Q and let A, = Q be the ring of finite adeles.
If L is a number field we set A; = L ®g A. An algebraic closure of a field L is
denoted L™¢. For a Q-module X we abbreviate Xg = X ®g R and X¢ = X ®q C.

Acknowledgements The first author thanks the Morningside Center of Mathematics, the Univer-
sity of Wisconsin, and the Centre de Recerca Matematica for their hospitality while portions of this
work was being completed. The first author was supported in part by NSF grant DMS-0901753.

The second author thanks the AMSS, the Mathematical Science Center of Tsinghua University,
and the Morningside Center of Mathematics for providing him excellent working condition and for
their hospitality during his summer visits to these institutes. Portions of this work were done while
visiting these institutes. The second author was supported in part by grants NSF DMS-0855901
and NSFC-10628103.

Both authors thank Steve Kudla for helpful comments on an earlier draft of this manuscript.






Chapter 2
Linear Algebra

Fix a fractional &p-ideal ¢ D 0. In this chapter we introduce the linear algebraic
notions of c-polarized RM modules and c-polarized CM modules, and show that
certain spaces of special endomorphisms of these objects carry natural quadratic
forms. The modules themselves will reappear in Chap.3 as the first homology of
abelian surfaces over C with real and complex multiplication, and the quadratic
spaces of special endomorphisms will underlie the construction of Hilbert modular
Eisenstein series in Sect. 4.5.

2.1 The Reflex Algebra

A CM type of E is an unordered pair ¥ = {7, m,} of Q-algebra homomorphisms
7y, my o E — C whose restrictions to F are related by

mi|lF = m|Foo.

By Galois theory, B — Homg_a¢(B. Q%2) establishes an equivalence between the
category of étale Q-algebras and the category of finite sets with a continuous action
of the absolute Galois group Gg = Gal(Q"¢/Q). If we fix an embedding Q¢ — C,
the set of all CM types of E becomes a Gg-set, and so determines an étale Q-algebra
which we call E®. Thus there is a canonical bijection X > ¢x

{CM types of E} = Homg_g(EF, C). (2.1)

The algebra E* and the bijection (2.1) can be made more explicit as follows.
Consider the commutative Q-algebra

M = FE Qiures E.

B. Howard and T. Yang, Intersections of Hirzebruch—Zagier Divisors and CM Cycles, 11
Lecture Notes in Mathematics 2041, DOI 10.1007/978-3-642-23979-3_2,
© Springer-Verlag Berlin Heidelberg 2012
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On the left we view E as an F-algebra via the inclusion x +— x of F into E, and on
the right we view E as an F-algebra via the conjugate embedding x +— x°. Thus
for any a,b € E and x € F we have the relation (xa) ® b = a ® (x°b). Define
(Q-algebra automorphisms p, T € Aut(M) by

pa®b)=b®a 1(@®b)=bQa.

Viewing E as a subalgebra of M via the embedding ¢ — a ® 1, we define Q-
algebras E* and F¥ by

TN

E = M(w»

Fi = plee’) F = M{wr®)
Q.

The Q-algebra E? is the reflex algebra of E. The reflex homomorphism ¢s :
E' — C associated to the CM type ¥ = {m,m,} is defined as the restriction
to E® of the Q-algebra homomorphism M — C defined by

Ef

a®b m(a)- mb).

The reflex field of ¥ is Ex = ¢x(E"), and s denotes the ring of integers of Ex.
For a prime q of Oy let I be the residue field of g.

Let x > x' denote the restriction to E* of the automorphisma ® b > @ ® b of
M, so that F¥ is the subalgebra of E? fixed by x > xT.

Lemma 2.1.1 1. In case (cyclic) E* is isomorphic to E, and x > x is complex
conjugation.

2. In case (biquad) E* is isomorphic to E| x E,, and x +— x" is the product of the
complex conjugations.

3. In case (nongal) Elisa quartic CM field which is not Galois over Q and is not
isomorphic to E. The automorphism x + x is complex conjugation.
In particular in case (biguad) F* =~ Q x Q, and in cases (cyclic) and (nongal)

F' is a real quadratic field.

Proof. This as an easy exercise in Galois theory, and is left to the reader. O
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A Hermitian form on an E*-module V is a pairing (, ) : V x V — E® that is
E"-linear in the first variable and satisfies (v, w) = (w,v)T.

2.2 Polarized RM Modules

Definition 2.2.1 An RM module is a pair (T, k7) in which T is a Z-module, and
k7 : Op — Endg(T) is a ring homomorphism making T into a projective O -
module of rank 2.

The polarization module P(T, kr) is the Op-module of alternating Z-bilinear
forms Ay : T x T — Z satisfying

Ar(kr(X)tr, 12) = Ar(t, k7 (x)t2)
forevery x € OF. A c-polarization of (T, kr) isaAr € P(T, kr) satisfying
T = {ll eT ®;Q: /\T(ll,lz) € Zforallt, € T}

The Or-module P(T, kr) is projective of rank one. Given a ¢-polarized RM module
T = (T,kr, A7), let j — j* be the involution of Endz(7T") ®z Q determined by

Ar(jti, ) = Ar(ty, j ).
A special endomorphism of T is a j € Endz(T) satisfying
kr(x)oj = jokr(x?)

forall x € O, and satisfying j* = j. The Z-module of all special endomorphisms
of T is denoted L(T), and we set

V(T) = L(T) ®; Q.
For a prime ¢, abbreviate L¢(T) = L(T) ®z Z¢ and V(T) = V(T) ®q Q.
Let J + J' be the main involution on M,(F), characterized by JJ' = det(J),
and define a Q-vector space
WMZ(Q) = {J e M,(F) : Jo = JL}

:%(a Si)eMg(F):aeFandb,ceQ .
dca

Here § € F is any nonzero element satisfying §° = —§. The determinant det is a
quadratic form on Wy, (q)-
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Proposition 2.2.2 1. Up to isomorphism there is a unique c-polarized RM mod-
ule, T.

2. The function Q1(j) = j o J defines a quadratic form on L(T).

3. There is an isomorphism of Q-quadratic spaces

(V(T), O1) = (Wi (). det).

4. The Q-quadratic space (V(T), QT) has rank 4, signature (2, 2), determinant dr,
and Hasse invariant (normalized as in [35])

hasse(V(T), Q1) = (%) € Br,(Q).

Here Bry(Q) is the 2-torsion subgroup of the Brauer group of Q.

Proof. Let T be a c-polarized RM module. The polarization A7 has the form Ar =
Trr/go Ar for aunique O -symplectic form Ay : TxT — D7, As T is projective
of rank two as an 0p-module we may fix an &p-linear isomorphism 7" =~ Or @ a
for some fractional O'r-ideal a whose image in Pic(OF) is traditionally called the
Steinitz class of T. Writing elements of Op @ a C F @ F as column vectors, the
fractional ideal a and the isomorphism may be chosen in such a way that

Ar(a.b)y="a-(,7")-b.

The condition that A7 is a c-polarization is then equivalent to a - ¢ = ©7%'. This
proves the uniqueness of T.

Using the above isomorphism 7 = Of @ a to view elements of 7" as column
vectors, any j € V(T) can be written uniquely in the form ¢ +— J - ¢t for some
J € M,(F). The condition j = j* translates to the condition J° = J*, and the
rule j — J establishes a bijection V(T) = Wiy, () identifying O with det. All of
the remaining claims are now elementary calculations. O

Let A7 be the F-symplectic formon Tp = T ®z Q determined by A7 = Trg/go
Ar, and define algebraic groups over Q

G = ReSF/QSp(TQ, AT)
H = SO(V(T), Or).

The group G acts on V(T) through orthogonal transformations by the rule g o j =
g o j og !, and this defines a homomorphism G — H. In this way one sees that
the construction of V(T) from T gives a concrete way of realizing the exceptional
isomorphism of real Lie algebras sp(2) x sp(2) — s0(2,2). For any choice of
Jj € V(T) with Qr(j) > 0 the inclusion H; — H of the isotropy subgroup of j
in H gives a concrete way of realizing the inclusion of real Lie algebras so(1,2) —
50(2,2). The above exceptional isomorphism will allow us to identify a Hilbert
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modular surface with an orthogonal Shimura variety. The inclusions so(1,2) —
50(2,2) for varying j will then have a moduli-theoretic incarnation in the form of
a family of special cycles of codimension one, the Hirzebruch—Zagier divisors, on
this Shimura variety.

2.3 Polarized CM Modules

Definition 2.3.1 A CM module is a pair (T,«r) in which T is a Z-module and
k7 : Op — Endg(T) is a ring homomorphism making T into a projective OF-
module of rank 1.

A c-polarization of (T, k) is a c-polarization A7 of the underlying RM module.
LetT = (T, kr, Ar) be a c-polarized CM module. Elementary linear algebra shows
that the c-polarization A7 satisfies

Ar(kr (X)), 12) = A7 (t1, k7 (X)12)

forall x € Og. If ¥ = {m,m} is a CM type of E then the homomorphism
of Q-vector spaces E — C x C defined by x — (71(x), m2(x)) extends to an
isomorphism of real vector spaces Er = C x C. We therefore acquire an action
kt.x of C x C on Tg, and in particular the diagonal embedding C — C x C = Eg
makes T into a C-vector space. There is a unique choice of CM type X for which
the Hermitian form on Tr

HT(an’)=AT(i'x’Y)+iAT(an’) (22)

(the scalar multiplication i - x of C on T depends on X, as just explained) is positive
definite.

Definition 2.3.2 Given a c-polarized CM module T the CM type of T is the unique
CM type X = X(T) for which the Hermitian form (2.2) has positive definite real
part.

Remark 2.3.3 Let T be a c-polarized CM module. If we fix an isomorphism of E -
modules E = Ty, then there is a unique oy € E* such that oy = —wr and

Ar(x,y) = Trgo(orxy).

If one makes a different choice of isomorphism E == Tg then wr is multiplied by an
element of Nmg,r(E™). The CM type of T is characterized as the unique CM type
Sfor which the induced C-module structure on Er makes i - wr € Fg totally positive.

Now fix a c-polarized CM module T and recall the Q-quadratic space (V(T), QT)
of Sect. 2.2 associated to the underlying RM module. We will use the action of &g
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on T to make V(T) into a Hermitian E*-module. First define an action of the Q-
algebra M of Sect.2.1 on

V(T) = {j € Endz(T) ®2 Q: kr(x) o j = j okr(x°) forall x € OF}
by _
(a®b)e j =«r(a)ojokr(h).

The subspace V(T) C I7(T) of x-fixed endomorphisms is stable under the action
of the subalgebra E¥ C M, although it is generally false that the Z-lattice L(T) C
V(T) is stable under the action of 0. If [ is a place of F' abbreviate Vi(T) =

V(T) ®p: F/.
Lemma 2.3.4 The Q-bilinear form on V(T) defined by

1, folv = Q1 + J2) = Q1(j1) — Q1 (J2)
satisfies [x ® ji, jolt = [j1, xT @ jo]r for every x € E".

Proof. We may assume thatx = a ® b + b ® a for some a, b € E, as elements of
this form generate E¥ as a Q-module. In the interest of simplifying the notation we
suppress k7, and simply view E as embedded in Endz (7)) ®7 Q. The essential point
isthat F = {f € Endg, (T)®zQ: f* = f}.Inparticular, as j; obo jr+ jroboj
is both x-fixed and F'-linear, it belongs to F', and so commutes with a. Thus

aojioboj,—jioboj,oa=j,obojioa—aojobo j
and similar reasoning shows that

jooaojiob—boj,oa0j=bojodoj,—jioao j,o0b.
Using these relations, direct calculation shows

[x e ji, jolr — [j1.xT @ jo]lr = 0.
O

It follows from Lemma 2.3.4 that there is a unique E*-Hermitian form (i, ja)T
on V(T) satisfying
/1, olr = Trge (U1, J2)r.

and that QPF( j) = {J. j)r is the unique F*¥-quadratic form on V(T) satisfying
Or =Trpz)g 0 Q%-

For any CM type X of E the restriction of ¢ 5 to F* is an archimedean place of
F* denoted co7-. Let 0o - be the other archimedean place of F*.
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Proposition 2.3.5 Suppose T has CM type X. The F*-quadratic space (V(T), QPr)
has signature (2, 0) at oo} and has signature (0, 2) at o07..

Proof. Abbreviate cot = oo% Let ¥ = {m, mp} be the CM type of T, and identify
Eg =~ CxC using the isomorphism z — (771(z), 72(z)). This makes T into a CxC-
module, and the idempotents e;, e, € Fgr induce a decomposition Tg = 71 & T»
in which each T is a one-dimensional C-vector space on which E acts through
7, : E — C. Each T comes with an R-symplectic form A (the restriction of A7 to
Ty) for which x + Ay (ix, x) is positive definite. For any f € Homg (77, T3) define
fY € Homg(T5, Ty) by the relation A (¢, fV(52)) = A2(f (1), 12) for all #;, € T.
Using the relation e = e,, we see that j — (j|r,, j|7,) defines an injection

V(T)r — Homg (77, T7) x Homg (T3, T}),

whose image is the space of pairs (f, /). The quadratic form on Qr is identified
with fV o f. In particular restriction to T} defines an isomorphism

V(T)r = Homg(7}, T3) = Home(T), T,) & HOIIl@(Tl, T3),

where the two spaces in the direct sum are the spaces of C-linear and C-conjugate-
linear maps. Tracing through these isomorphisms, one sees that the action of E¥ is
through the reflex homomorphism ¢, ,; © E # — C on the first summand and
through the reflex homomorphism ¢, 5,3 : E ¥ — C on the second summand.
The first of these reflex homomorphisms restricts to the place oo™ of F*, while the
second restricts to the place oo™ . In other words

V(T) ®pt oo+ R 2= Home (T, T) 2.3)

V(T) ® s oo— R = Homg(T1, T7). (2.4)

Fix isomorphisms of C-vector spaces 77 =~ C =~ T, in such a way that
the R-symplectic forms A; and A, are each identified with the form Ax(x,y) =
—Tre/r(ixy) (this is possible because A (i x, x) is positive definite). Every

f € Hom¢(Ty, T;) = Home(C, C)

then has the form f(¢;) = z-t; forsome z € C,and fV(f;) = Z-t,. Thus f Vo f = zZ
proving that (2.3) is a positive definite R-quadratic space of rank 2. Similarly every

f € Homg(T1, T>) = Homg(C, C)
then has the form f(z;) = z -1, for some z € C, and fV(f;) = —Z - ;. Thus

fY o f = —zZ proving that (2.4) is negative definite of rank 2. This completes the
proof. O
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Propositions 2.2.2 and 2.3.5 imply that V(T) is free of rank one over E*, and that
the E*-Hermitian form (-,-)t on V(T) is nondegenerate. It follows that there is an
E"-linear isomorphism of F¥-quadratic spaces

(V(T), 0%) = (E*, B(T)xxT), 2.5)
for some B(T) € (F1)*.

The importance of the F*-quadratic space structure on the space V(T) may be
understood by considering the algebraic group over QQ

H* = Res 1 ,gSO(V(T), 0}).
This group is naturally a subgroup of
H = SO(V(T). Or),

and the inclusion H* — H gives a concrete way of realizing the inclusion of
real Lie algebras s0(2) x s0(2) — s0(2,2). In the discussion of moduli problems
in Chap. 3, this inclusion will have a moduli-theoretic incarnation in the form of
a codimension two cycle on a Hilbert modular surface: the cycle of points with
complex multiplication by 0.

2.4 Algebraic Groups and Class Groups

In this subsection we construct generalized class groups
Co(E) C CH(E) C C(E)

that act on the set of all ¢-polarized CM modules, and algebraic groups Sg and Tg
that act on the space of special endomorphisms of a c-polarized CM module. Let Sg
be the algebraic group over Q whose functor of points is

Sp(A) ={x e (E*®¢ A)* 1 xx" =1}
for any Q-algebra A. Let Tr be the algebraic group over Q with functor of points
Te(A) = {x € (E ®g A)* : xXx € A™}.
Let G,, be the multiplicative over Q, and view G,, as a subgroup of 7 using the
inclusion A* — (E ®gA)*. There is a natural group homomorphism E* — (E%)*

defined by x = x ® x. This homomorphism may be modified, as in the following
lemma, to yield a homomorphism of algebraic groups Tg — Sk.
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Lemma 2.4.1 Define a homomorphism vg : Tg — Sg by

xX®
ve(x) = et

If k is a field of characteristic 0, or k = A, or k = Ay, then the sequence

1 = Gu(k) = Tek) - Sp(k) — 1

is exact.

Proof. See the proof of [22, Proposition 2.13] O

For every prime { < oo define a compact open subgroup Ug = [[, Ugy of
Tg(A ) by R
Ug =Te(Ay) N O

The map vg : Tg — Sg of Lemma 2.4.1 induces an isomorphism

TEQ\TEA )/ U = Se(Q\SE(Ay)/ve(Ug).

Let /(E) be the set of all pairs Z = (3, ¢) in which 3 is a fractional ideal of Of
and { € F* satisfies 33 = {Og. Then I(E) is a group under componentwise
multiplication, and P(E) = {(z0g,z2) : z € E™} is a subgroup. Define a
generalized class group

C(E) =I(E)/P(E)

and let C4(E) C C(FE) be the subgroup consisting of those (3, ¢) for which ¢
is totally positive. The function (3,¢) +— 3 defines a homomorphism C(E) —
Pic(0f) with finite kernel, and so C(E) is finite. Given a t € Tg(Ay) let { be

the unique positive rational number that satisfies ¢ 7 = (17)/2\, and let 3 be the

fractional Og-ideal defined by S@E = tﬁE. Then t +— (3,¢) determines an
injective homomorphism

Te(@QN\Te(Ay)/Up — C4(E) (2.6)
whose image is denoted Cy(E) C C4+(E).
Let T = (T,kr,Ar) be a c-polarized CM module. Given a pair Z = (3,¢) €
I(E) define a new c-polarized CM module
(Tokr, A1) ® Z = (S, ks, As)

as follows. The underlying Z-module is S = T ®¢, 3, the action ks : O —
End(S) is ks (x)(t ® z) =t ® (xz), and Ag is defined by

As(h ® 21,6 ® 22) = Ar(kr (E ' ziZ)t, 12).
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The right hand side makes sense as ¢ 17,2, € OF. The construction T —» T Q® Z
defines an action of C(E) on the set of isomorphism classes of c-polarized CM
modules. Using the notation of Remark 2.3.3, a simple calculation shows that
wrez = (™' - wr from which it follows that

S(TRZ)= X(T) & Ze Cy(E). 2.7)

Proposition 2.4.2 1. The set X of isomorphism classes of c-polarized CM modules
is a simply transitive C(E)-set.

2. The set X x of isomorphism classes of c-polarized CM modules with a fixed CM
type X is either empty or is a simply transitive Cy(E)-set. If there is a finite
prime of F ramified in E then Xx is nonempty.

Proof. First we show that the set of c-polarized CM modules is nonempty. Let 2( be
any fractional Og-ideal, and fix an w € E* such that w = —w. Define a Z-bilinear
alternating form

Ax,y) = Trgjg(wxy)

on 2. If k : O — Endyg(2l) is the natural action, the triple (2, «, 1) is a b-polarized
CM module, where b~! = wAAD ;. Here D, is the different of E /Q. The Hilbert
class field of F is linearly disjoint from £ (as E is ramified at the archimedean
places), and so class field theory implies that the norm map from the ideal class
group of E to the ideal class group of F is surjective. Therefore we may factor
cb™! = yYY for some y € F* and some fractional &-ideal Q). If w is replaced
by yw and 2 is replaced by Y2, then T = (2, x, 1) is a c-polarized CM module. In
the notation of Remark 2.3.3, v = wr.

The proof that the action of C(E) on X is simply transitive is a routine exercise,
which we leave to the reader. This, together with (2.7), implies that X5 is either
empty or a simply transitively C4 (E)-set.

Now use X to view ER as a C-vector space, as in Sect.2.3. We may repeat the
argument of the first paragraph, but choose the initial the traceless w € E* so that
iw € Fp is totally positive. If there is at least one finite prime of F that is ramified
in E then the narrow Hilbert class field of F is linearly disjoint from E, and class
field theory implies that the norm map from the ideal class group of E to the narrow
ideal class group of F is surjective. This allows us to choose y to be totally positive,
and Remark 2.3.3 then shows that the T constructed above has CM type Y. O

The remainder of this subsection is devoted to the proof of the following
proposition, which will be a crucial ingredient in the proof of Theorem 5.3.4. For a
c-polarized CM module T set

LM =LMezZ V(T) = V() ®qQ.
Proposition 2.4.3 Assume either (cyclic) or (nongal). There is a

Z=3,0)eC(E)
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such that Nmp,q($) < 0, and such that for any c-polarized CM module T there is
an isomorphism of ﬁn-quadratic spaces

(V(M). 0%) = (V(T © 7). Q1)
identifying Z(T) with Z(T ® Z). For any such Z the reflex homomorphisms

dsaez), Pz : EF — C

have distinct restrictions to F* (equivalently, the CM types X (T ® Z) and X (T) are
neither equal nor complex conjugates).

Before the proof, we need some technical preparation. Letting co denote the
archimedean place of QQ, define finite groups of exponent 2

Geneo(E/F) = FJX/Nmg,p(EX)

Gen(E/F) = 0% /Nmg/p(05),
and the genus group
Gen(E/F) = Genso(E/F) x Geny (E/F).

The projections to the two factors are denoted z > z, and z +— zy. Given Z =

(3.¢) € I(E) we may choose an idele z € A7 such that 20 = 30%. Then
gen(Z) = ™77 defines the genus invariant

gen: C(E) — Gen(E/F).
The subgroup C4(E) C C(E) is precisely the kernel of Z +— gen(Z)so. If y :

A% — {£1} denotes the idele class character corresponding to the extension E/ F,
a brief exercise in class field theory shows that the sequence

C(E) 5 Gen(E/F) 5 {£1} > 1 (2.8)
is exact, where the arrow labeled y is the composition
Gen(E/F) — A% /Nmg,r(A%) 5 {£1}.

Lemma 2.4.4 Assuming either (cyclic) or (nongal), there is a Z € C(E) and a
u € Z> such that Nmp;q(Zeo) < 0 and

u2 . NmF/Q(zf) (S} NmE/Q(@E),

where z = gen(Z).
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Proof. If we choose a totally negative A € F* such that E = F (+/A) then our
hypothesis that £/Q is not a biquadratic extension implies Nmr/g(A) ¢ (Q%)2.
Let p be any prime such that ord,(Nmg/g(A)) is odd. Then p is either split or
ramified in F, and in either case there is a place vy of F above p for which ord,,(A)
is odd. The place vy is necessarily ramified in E, and if wy denotes the place of E
above vq then we may choose a z,, € Oy thatis not a norm from 0%

If p is splitin F then let v; # vy be the other place above p. Then ordvl Q) is
even, and class field theory (or a Hilbert symbol calculation) gives the first equality
in

Z, =Nmg, q,(0F,,) -Nmg, jq,(F,,) = Nmg,/q,(OF ).
Thus
Nmg, /0, (2y) € Nmg, /0, (0% ,).

If v is a finite place of F with v 7 v then setz, = 1 € O . Now define
Zp = l_[ZV € Genys(E/F)

and set
Zoo = (1,—1) € {£1} x {£1} = Gengo(E/ F).

and z = (zw.2y) € Gen(E/ F). By construction y(z) = 1, and so by the exactness
of 2.8 there is a Z € C(FE) such that gen(Z) = z. This choice of Z has the desired
properties.

Now assume that p is totally ramified in E. If E,, /Q), is a biquadratic field
extension then Nmg/g(A) € (Q;)Z, contradicting the choice of p. Thus either
E,,/Q, is not Galois, or E,,/Q, is Galois with cyclic Galois group. Assume first
that E,,,/Q, is Galois with cyclic Galois group. The Artin symbol [z,,; E\,,/ Fy,]
is the nontrivial element of Gal(E,,,/ F,,). By local class field theory the inclusion
Gal(E,,/ F,,) — Gal(E,,/Q,) satisfies

[Zvo; Ewo/Fvo] = [NmFVO/Ql, (Zvo); Ewo/Qp]
and we deduce that the element
NmFL’()/Q[) (zvo) € Z;/NmEWO/QP (ﬁg,wo) = Gal(Ewo/Qp)

has order 2, and hence is a square. Thus for some u, € Z;,‘ we have

MIZU ’ Nvao/Qp (zy,) € NmEp/Qp (ﬁgp)

We now set z, = 1 for every finite place v # vy and construct z and Z exactly as in
the previous paragraph. It remains to treat the case in which E,,,/Q, is not Galois.
In this case if we set L = F,,(~/A%) then L % E,,, and so class field theory
implies
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Fp =Nmg, /r, (E; ) -Nmp/g (L)

If we now factor
z,, = Nmg, /r, (a) -Nmg/F, (D)

witha € EX and b € L* then

wo
Nmg, /g, (2v,) = Nmg, /g, (a) - Nmygq,(b).

By construction of L the norm maps Ej — Q and L* — Q} have the same
image, and so
Nvao/Qp (ZVO) S NmEp/Qp (E::O).

Butz,, € Z;, and hence
Nva'o/Qp (Zw)) S NmEp/@p (ﬁgp)

The construction of z and Z now proceeds as in the previous paragraph. O

Lemma 2.4.5 Fixa Z € C(E) and a c-polarized CM module T. If we set S =
T ® Z, then there is an isomorphism of F*-quadratic spaces

(V(1). 03) = (V(S).Nmpyg(z/) - OF)

identifying Z(T) with Z(S). Herezy € %} is any representative of the finite part of
z = gen(Z).

Proof. This is a 51mple calculation. Fix a representatlve (3,¢) € I(E) of Z and let
z € A% satisfy z - ﬁE = SﬁE There is an ﬁE linear isomorphism ¥ : T —>8S
defined by (1) =t ® z. Givena j € L(T) one checks directly that

Yuj =V okr(z;) o oy

defines an element of Z(S), and that j +— . j is the desired isomorphism. O

Proof (of Proposition 2.4.3). Let Z be as in Lemma 2.4.4, and set S = T ® Z. By
Lemma 2.4.5 there is an r € 0%, and an isomorphism

(V(T), %) = (V(S), Nmg/q(r) - OF)

identifying the Z-lattices Z(T) and Z(S). Ifwesets = rQ®@r € (’Eﬁ)x then
Nmyg: gt (s) = Nmg/q(r), and

s L(S) = ks(r) o L(S) o ks(F) = L(S).
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Using the relation Qg(s e x) = Nmgz/pi(s) - Qg(x) we see that x — s e x defines
an isomorphism

(V(S),Nmgo(r) - 0% = (V(S), ),

which preserves Z(S)

If we represent Z € C(E) by a pair (3,¢) € I(E) then Nmr,g(Zoo) < 0 implies
that £ € F* is neither totally positive nor totally negative. From Remark 2.3.3 and
the discussion preceding (2.7), it follows that the CM types of S and T are neither
equal nor complex conjugates. O



Chapter 3
Moduli Spaces of Abelian Surfaces

Let ¢ D OF be a fractional Of-ideal. In this chapter we define c-polarized RM
abelian surfaces and c-polarized CM abelian surfaces. The moduli space of all
c-polarized RM abelian surfaces is a classical Hilbert modular surface, and the
moduli space of all ¢-polarized CM abelian surfaces determines a codimension two
cycle on the Hilbert modular surface. Useful references for Hilbert modular surfaces
include [10], [14], [19], [46], [54], and [56].

Throughout Chap. 3, “scheme” always means locally Noetherian scheme. We
impose these hypotheses because they are imposed in [42], our primary reference
for abelian schemes.

3.1 Abelian Surfaces with Real Multiplication

Let S be a connected scheme. For any x € & define a polynomial
cx(T) = (T —x)(T —x°) € Z[T].

Definition 3.1.1 An RM abelian surface over S is a pair (A, k 4) in which A is an
abelian scheme over S of relative dimension two, and k4 : Op — End(A) is an
action satisfying the Kottwitz determinant condition, in the sense of [56]: every
point of S admits an open affine neighborhood Spec(R) — S over which

» Lie(A,r) is a free R-module of rank two,

» for all x € Of the characteristic polynomial of k4(x) acting on Lie(A,r) is
cx(T) € R[T].

A c-polarization of an RM abelian surface (A,k4) over S is an Op-linear
polarization A4 : A — A whose kernel is the ¢! -torsion subgroup scheme of A.
The condition of O'g-linearity means that A o k4(t) = k4(t)Y o A forallt € OF.

B. Howard and T. Yang, Intersections of Hirzebruch—Zagier Divisors and CM Cycles, 25
Lecture Notes in Mathematics 2041, DOI 10.1007/978-3-642-23979-3_3,
© Springer-Verlag Berlin Heidelberg 2012



26 3 Moduli Spaces of Abelian Surfaces

Fix a c-polarized RM abelian surface A = (A, k4,A4) over S and let j +— j*
be the Rosati involution on End(A4) ®z Q induced by A 4. A special endomorphism
of Aisa j € End(A) such that

Ka(x) o j = joka(x?)

for every x € Op, and such that j* = j. The Z-module of all special endomor-
phisms is denoted L(A), and we set

V(A) = L(A) ®z Q.

If £ is a rational prime we abbreviate L,(A) = L(A) ®z Z¢ and V;(A) =
V(A) ®q Q. Forany j € L(A) define Qa(j) = j o j.

Proposition 3.1.2 [f S = Spec(C) then rankzL(A) < 2, and Qa is a positive
definite Z-valued quadratic form on L(A).

Proof. Lete;, e, € Fr = RxR be the orthogonal idempotents. The polarization A 4
induces an alternating C-bilinear form on the complexified homology H,(A(C), C).
The natural map

L(A) ®z C — Endc(H,(A(C), C))

is injective, and every j in the image satisfies

1. joez=€0jand joe =€ 0 j;

2. 24(jx, y) = Aalx, jy);
3. j preserves the Hodge decomposition H;(A(C),C) = Lie(4Y)* & Lie(A).

The Kottwitz determinant condition implies that each ¢;Lie(A4) has complex
dimension one. If we pick a generator ¢; € ¢;Lie(A) and define f; € ¢;Lie(4Y)* by
the relation A 4(e;, f;) = 1, then the above three conditions imply that the matrix of
J with respect to the basis {ey, €2, f1, f>} has the form

0y
x 0
0x

y 0

From this it is clear that L(A) ®z C has complex dimension at most 2, and that
J o j is a scalar. It follows that rankyz L.(A) < 2, and that QA (j) € Q. The positive
definiteness of QA (j) = j o j* follows from the positivity of the Rosati involution
[43, Section 21]. O

Let H be a rational quaternion algebra. The quaternion algebra Hr = H ®q F
over I’ is equipped with the automorphism v — v° whose restriction to H is the
identity, and whose restriction to F is o. It is also equipped with its main involution
v — V', which restricts to the main involution on H and restricts to the identity
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on F. Define a rational quadratic space
Wy ={ve Hp V' =V} (3.1

with quadratic form Nm(v) = w'. Routine calculations show that this quadratic
space has rank 4, determinant d r, Hasse invariant

—dp,—1

hasse(Wy,Nm) = H ® ( 0

) € Brx(Q), (3.2)
and signature

2,2) ifH R =~ M,(R
sig(Wy,Nm) = { 22 1T H ®a 2(®)
(4,0) otherwise.

Proposition 3.1.3 Suppose S = Spec(]F?Dlg) for some prime p. Suppose further that
there is an elliptic curve Ao over S and an isogeny A ~ Ay X Ay.

L. If Ay is ordinary then set Ky =End(Ao) ®z, Q) and let Ky be the other
quadratic imaginary subfield of Ki ®q F. There is an isomorphism of Q-
quadratic spaces

(V(A), Q4) = (K>, B(A) - Nmg, q)

for some positive B(A) € Q.
2. If Ao is supersingular then there is an isomorphism of quadratic spaces

(V(A), Q4) = (Wy,Nm)

where H is the rational quaternion algebra of discriminant p.

If A is not isogenous to the square of an elliptic curve then L(A) = 0.

Proof. Up to isogeny there are two p-divisible groups over ]F?,lg of dimension one
and height two. One of them, g, is connected and is isomorphic to E[p°°] for any
supersingular elliptic curve E. The other, gorq = Q,/Z, X iy, is isomorphic to
E[p®°] for any ordinary elliptic curve. The only possibilities for the isogeny type of
the p-divisible group A[p*°] are

L. Jss X Gord»
2. Jord X Gord,
3. Jss X Jss-

First suppose that A[p®°] ~ gss X gora- The endomorphism algebra H), = End(gss) ®z,
Q, is a quaternion division algebra, and the existence of the action
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k4 : Fp —End(A[p™]) ®z, Q, = H, xQ, xQ,

then implies that F,, = Q, x Q,. The orthogonal idempotents €;,e, € F, are
interchanged by the Galois automorphism o, and hence for any j € V(A)

joer=¢€0]

joe =¢€1o}].
It follows that the image of j in End(A[p™°])®z, Q) is determined by its restrictions

jl € Hom(ESSa gord) ®Zp Qp
J2 € Hom(gord, 9ss) ®z, Q.

But both of the above Hom spaces are trivial, and hence V' (A) = 0.

Next suppose that A is ordinary, so that A[p®°] ~ gord X Gord- By [7, Lemma 3],
the endomorphism ring of a simple ordinary abelian variety over Ffplg is commu-
tative, and so if A is simple then L(A) = 0. If A ~ A; x A, with A; and A,
non-isogenous ordinary elliptic curves, then again End(A4) is commutative and so
L(A) = 0. Assume now that A ~ A2 with A, an ordinary elliptic curve, so that
End(4) ®z Q = M,(K,) with K; = End(A4¢) ®z Q a quadratic imaginary field.
Use the embedding k4 : F — M,(K;) to view F as a subalgebra of M,(K),
and let L be the Q-subalgebra of M;(K;) generated by K; and F. The algebra L
is a biquadratic field, and is equal to the commutant of F in M>(K;). We let K,
be the quadratic imaginary subfield of L that is not isomorphic to K;. The Rosati
involution on M,(K) induced by A 4 must preserve the center K, and as the Rosati
involution is positive it must restrict to complex conjugation on K;. As F is fixed
by the Rosati involution, the restriction of the Rosati involution to L agrees with
complex conjugation, and in particular is complex conjugation on K». Define

V={jeM(K):VxeF, xoj=jox}.

It follows from the Noether—Skolem theorem that M»(K;) =~ L & V with each
summand stable under *. In particular dimg V = 4. The +1 eigenspaces for the
operator % on V are interchanged by the action of any trace zero element of K/, and
so each eigenspace must be a two-dimensional Q-vector space. It follows that the
subspace 3
V=_{jeV:j*=j}

has Q-dimension two, and it is easy to see that V' is stable under the action of Kj.
Hence V is a K;-vector space of dimension one. Fixing any nonzero j € V we now
find that A — A - j defines an isomorphism

(K2, B-Nmg,/q) = (V(A), Qa)
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where § = jj*. As B commutes with F, it mustlie in L. As f is fixed by the Rosati
involution it must further lie in F. But 8 = jj shows that 8 commutes with j, and
the only elements of F that commute with j are the rational numbers. Therefore
B € Q. Of course B > 0, by the positivity of the Rosati involution.

Finally suppose that A[p®°] ~ gss X gss- By [44, Theorem 4.2] there is an isogeny
f A ~ A} with Ay a supersingular elliptic curve. Fix any Z-algebra embedding
t: O — M5(Z) and write Ag ® O for the abelian surface A% with the action

KAyQOF - OF — End(AO ® OF)

determined by ¢ (compare with [8, Theorem 7.5]). If 14, : A9 — A(Y is the unique
principal polarization of Ay then, as in [21, Section 3.1], there is an induced @;1-
polarization A 4,g ¢, of Ay ® O defined by

Aag®id . Y
A0®ﬁp—>A0 ®©F ~ (Ay® OF)".

Thus we obtain a D' -polarized RM abelian surface
B =(40® OFr.ka00r. Aay0r)

over Ff;lg. Set H =End(A4p) ®z Q so that H is a quaternion algebra ramified
precisely at p and oo, and

End(Ap ® OF) ®z Q =~ M>(H).

Let Hp be the commutant of F in M,(H), so that Hr =~ H ®g F. The
subalgebra Hr C M»(H) is stable under the Rosati involution induced by A 4,6, »
and the restriction of the Rosati involution is equal to the main involution on the
F-quaternion algebra Hr (as the main involution is the only positive involution of
HF that is the identity on F'). The Noether—Skolem theorem implies that any two
QQ-algebra maps F — M,(H) are conjugate, and from this one deduces that the
isogeny f : A — Ay ® OFr may be chosen to be p-linear. By [56, Proposition
1.3] the polarization f~ o A 4,@6, © f of A has the form

fv o Ag@er © f = Aaoka(x)

for some totally positive x € F*. As the reduced norm H 7 — F surjects onto the
totally positive elements, we may choose p € Hp such that p*p = x~'. Replacing
f by a suitable integer multiple of p o f allows us to assume that f oA 4,06, © f
is a positive integer multiple of A 4. This implies that the isomorphism

End(A) ®z Q = End(4y ® OF) ®z Q
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induced by f identifies the Rosati involution induced by A4 with the Rosati
involution induced by A 4,06, , and so restricts to an isomorphism of (Q-quadratic
spaces

The D' -polarized RM abelian surface B admits a natural special endomorphism
Jo: Ao ® O — Ay ® OF

defined by jo(a ® x) = a ® (x?), which obviously satisfies j, o jo = 1. Given any
other j € V(B) the endomorphism J = jojjis Op-linear, so liesin Hr C M,(H).
The condition j* = j is equivalentto J' = J?, and j +— J defines the desired
isomorphism

(V(B), QB) = (WH,NITI).

This completes the proof of Proposition 3.1.3. O

Over an arbitrary connected scheme S we obtain the following result.

Corollary 3.1.4 The Z-module L(A) is free of rank at most 4. For every j € L(A)
the endomorphism QA(j) = j o j liesinZ, and Q 4 is a positive definite quadratic
form on L(A).

Proof. After [42, Corollary 6.2] it suffices to prove this when S = Spec(k) is the
spectrum of a field. As 4 and A" are of finite type over k, and Hom(A4, AY) and
End(A) are finitely generated Z-modules, we may further reduce to the case of k
finitely generated over its prime subfield k. Using the theory of Néron models one
may extend A to a c-polarized RM abelian surface over a local Dedekind domain
with fraction field k& and residue field k&’ of transcendence degree (over ko) one
less than that of k. By reducing A from k to k', applying [42, Corollary 6.2], and
repeating, we eventually are reduced to the case in which k is an algebraic extension
of ko. The claim then follows from Propositions 3.1.2 and 3.1.3. O

3.2 Abelian Surfaces with Complex Multiplication

Let S be a connected scheme.

Definition 3.2.1 A CM abelian surface over S is a pair (A, k4) in which A is an
abelian scheme over S of relative dimension two, and k4 : Op — End(A) is
an action such that the restriction of k4 to OF satisfies the Kottwitz determinant
condition. In other words, a CM abelian surface is an RM abelian surface together
with an extension of the Op-action to Og. A c-polarization of (A,k4) is a c-
polarization A 4 of the underlying RM abelian surface.

Fix a CM type ¥ = {m,m} of E, and let ¢5 : E* — C be the associated
reflex map of Sect. 2.1. Recall that Os is the ring of integers of Ex = ¢x(E?). If
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S is an Oyx-scheme and A is an Or-polarized CM abelian surface over S, we say
that A satisfies the ¥'-Kottwitz condition if every point of S admits an open affine
neighborhood Spec(R) — § over which Lie(A ) is a free rank two R-module, and
every x € O acts on Lie(A/r) with characteristic polynomial equal to the image of

cxx(T) = (T = m ()T — m(x)) € Ox[T]

in R[T].

Remark 3.2.2 Later (for example in the proof of Proposition 3.3.5) we will make
use of results proved in [20], where a slightly different condition is imposed on
Lie(A/r). There, instead of the X-Kottwitz condition, it is assumed that for any
tuple x1,...,x, € O the determinant of T\x; + --- + T,x, acting on Lie(A,g) is
equal to the image of

[[Tne) +-- 4 Tow(x) € O[T, T

ey

in R[Ty, ..., T,]. This condition is much closer in spirit to the definition given by
Kottwitz in [23], and obviously implies the X -Kottwitz condition as defined above.

In fact the two conditions are equivalent. Indeed, if the X'-Kottwitz condition is
satisfied then the determinant of any x € Of acting on Lie(A ) is equal to the
image of wi(x)my(x) under Os — R. For 2 X 2 matrices A and B one has the
polynomial identity

det(SA + TB) = S*det(A) + ST (det(4 + B) — det(4) — det(B)) + T*det(B),
from which one easily deduces
det(T1x1 + Toxz) = (Timi(x1) + Tomi (x2)) (Tima(x1) + Tama(x2))

The desired equality for r > 2 is then proved using the above polynomial identity
and an elementary induction argument.

Fix a c-polarized CM abelian surface A = (A4,k4,A4) over S satisfying the
X' -Kottwitz condition.

Lemma 3.2.3 The Rosati involution induced by A 4 satisfies k 4(x)* = k4(X) for
every x € Og.

Proof. As in the proof of Corollary 3.1.4, it suffices to treat the case where S is
the spectrum of an algebraically closed field. Given any nonzero x € Ofp, [56,
Proposition 1.3] implies that the pullback of A4 by the endomorphism « 4(x) is an
F-multiple of A 4. More precisely, there is a y € F such that

ka(x)¥ 0o dgoka(x) =Aso0ka(y).
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Of course this is equivalent to k4 (x)* o k4(x) = x4(y), which implies that « 4(x)*
lies in the image of k4 : E — End(A) ®z Q. The Rosati involution therefore
stabilizes the image of k4, and its restriction to E is a positive involution that
fixes F. The only such involution is complex conjugation. O

Lemma 3.2.4 1. The map k4 : O — Home, (A) is an isomorphism.
2. The automorphism group of A is isomorphic to jt(E), the group of roots of unity
in E.

Proof. For the first claim, as in the proof of Corollary 3.1.4, it suffices to treat the
case where S = Spec(k) with k either C or Ffplg . The case of k = C is clear from
the complex uniformization of A(C). If k = ]F?,lg then fix a prime £ # char(k). The
method of proof of [46, Lemma 1.3] shows that the £-adic Tate module Ta;(A) is
free of rank one over O ¢. From this it follows first that 0¢ ¢ — Endg, ,(Tag(A))
is an isomorphism, and then (using the results of [43, Section 19]) that Of, —
Endg, (A) ®7z Zy is an isomorphism. In particular Endg, (4) is a rank 4 Z-algebra,
and first claim follows easily. In particular any automorphism of A is of the form
f = ka(x) for some x € . The condition that f preserve the polarization A4
means that /¥ ol 0 f = Ay, or, equivalently, that f*o f = 1. After Lemma 3.2.3
this is equivalent to Xx = 1, and so the obvious injective homomorphism

XK 4(x)

W(E) ={x € O} :xx =1} ——— Aut(A)

is in fact an isomorphism. O
As in Sect. 2.3 we will use the action k4 : O — End(A) to endow V(A) with
an action of the reflex algebra E¥. First define a Q-vector space
V(A) ={j € End(A) Q7 Q : k4(x) 0 j = j ok4(x°) forall x € OF }
and let the Q-algebra M of Sect.2.1 act on V (A) by
(@®b)ej=ka(a)ojorab).

The action of E* leaves invariant the subspace V(A) = {j € V(A): j* = j} and
defines the desired E*-module structure on V(A). If [ is a place of F*, abbreviate
Vi(A) = V(A) ®: F/.

For any Op-linear f € End(A) satisfying /* = f,themap Al 0 f : A - AY
is also Or-linear and satisfies (A4 o )Y = A4 o f. By [56, Proposition 1.3] there
isan x € F suchthat A4 o f = A4 o k4(x). It follows that

F={f €Endg,(4) ®2Q: f* = f}.

With this fact in hand, imitating the proof of Lemma 2.3.4 shows that the QQ-bilinear
form on V' (A) defined by
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/1. j2]a = Qa(j1 + j2) — Qa(j1) — Qa(j2)

satisfies [x ® 1, jo]a = [j1.x" ® 2] forall x € E*. From this it follows that there is
a unique totally positive definite Hermitian form (j;, j»)a on the E*-module V(A)
satisfying

1, 2la = Trge (it j2)a,

and that Qg( 7) = {J. j)a is the unique F*-quadratic form on V(A) satisfying

0A(j) = Trps 104 () (3.3)

Proposition 3.2.5 Suppose that S = Spec(IE‘?,lg) for some prime p, and that A is
supersingular. For some totally positive B(A) € (F%)* there is an E%-linear
isomorphism of F*-quadratic spaces

(V(A), 04) = (E*, B(A)xxT).

Proof. The only thing to prove is that V(A) is free of rank one over E". In cases
(cyclic) and (nongal) this is obvious, as E* is a degree four field extension of Q,
and dimg V(A) = 4 by Proposition 3.1.3. In case (biquad) E¥ =~ E; x E, splits
as a product of quadratic imaginary fields, and the freeness of V(A) over E* is less
obvious. We must rule out the possibility that the action of E® factors through a
projection E¥ — E;. To do this it suffices to exhibit a prime £ such that V;(A) =
V(A) ®q Qq is free over Eg
Fix a prime £ # p that splits completely in E. Label the four Q-algebra maps

w7, 73, 4 L E — Qg

in such a way that 7w3(x) = m;(X) and 74(x) = 71(X). The proof of Lemma 3.2.4
shows that Ta?(A) = Ta;(A) ®z, Qy is free of rank one over Ey, and so there is a
Qq-basis {ey, e;, €3, e4} of Ta?(A) with the property that

Kka(x)-e = mi(x)-e
for all x € E,. With respect to this basis the Weil pairing
e : Ta(A) x Ta)(4) — Q(1)

induced by A4 is given, after fixing an isomorphism of Qg-vector spaces
Q¢(1) = Qg and appealing to Lemma 3.2.3, by a matrix of the form

P1
P2
—pP1
—P2
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for some py, p» € Q. Every special endomorphism j € V(A) acts on Ta?(A) by a
matrix of the form
p2b pac
pia —pic
—p2d paa
pid p1b

j=

with a, b, c,d € Q. By counting dimensions, the injection
Ve(A) — Endg, (Tay(A))

identifies V;(A) with the space of all such matrices. The pair {m{, 7>} induces a
(Q-algebra map (the £-adic version of the reflex map of Sect.2.1)

b1t E' > Q
defined by restricting the domain of the map M — Q defined by
X Qy = mi(x)m(y).

Define ¢4, ¢o3, and ¢34 in the same manner. The action of z € E ! on V(A) now
takes the explicit form

p2b - $14(2) p2€ - 12(2)
p1a - $23(z) —pi¢ - $12(2)

—p2d - $34(2) p2a - $23(2)
p1d - $34(2) p1b - $14(2)

ze ] =

If we define

a(z) = $23(2)
b(z) = ¢14(2)
(@) = ¢12(2)
d(z) = $34(2)

then the producta x b x ¢ x d : Eg — Q‘g is an isomorphism of Q¢-vector spaces,
and
p2b(2) p2¢(2)
p1a(z) —p1c(2)
—p2d(2) p2a(z)
p1d(2) p1b(2)

7=
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defines an E g -linear isomorphism E g — Vi(A). In particular V;(A) is free of rank
one over E 2 . This completes the proof of Proposition 3.2.5. O

Recall from Sect. 2.4 that the kernel of the norm map (E*)* — (F*)*, viewed as
an algebraic group over Q, is denoted S. By restricting the action of E* on V(A) to

the subgroup S(Q) C (E*)* we obtain a representation of Sz on the Ef-module
V(A). Composition with the homomorphism

UEZTE—>SE

of Lemma 2.4.1 yields a representation of 7z on V(A), which is given by the simple
formula

ve(t)e j =ky(t)oj OKA(t_l).

IftsS = Spec(IF?,lg) for some prime p, and A is supersingular, then it follows from
Proposition 3.2.5 that the action of Sk on V(A) defines an isomorphism of algebraic
groups over Q

S = Resp: /g SO(V(A), Q).

We end this subsection by defining an action of the group C4 (E) of Sect.2.4 on
the set of isomorphism classes of ¢-polarized CM abelian surfaces over S. Suppose
A = (A,k4,Ay) is a c-polarized CM abelian surface over S and Z = (3,¢) €
C+(E). As in [8, Theorem 7.5], define a new CM abelian surface B = 4 ®¢, 3
over S and let kg : O — End(B) be the action

kp(x)(a ®2) =a® (xz).
The pair (B, k) is characterized up to isomorphism by its functor of points
B() = A() ®op 3

from the category of S-schemes to the category of &r-modules. There is an f €
Homg, (B, A) ®z Q defined by

fla®z) =ka2)a,
and we obtain a A3 € Hom(B, BY) ®z Q defined by
Ag=fYodso fokp(lh),

which one can show is a c-polarization of the CM abelian surface (B, k). Thus we
have constructed a new c-polarized CM abelian surface

(A, k4, 24) ® ZZ (B, kg, Ap),
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and A — A ® Z defines an action of C4(E) on the set of all isomorphism classes
of c-polarized CM abelian surfaces over S. If A satisfies the X-Kottwitz condition
then so does A ® Z forany Z € C4(E).

Proposition 3.2.6 Supposet € Tg(Ay), andletZ € Co(E) be the image of t under
(2.6). There is an isomorphism of F*-quadratic spaces

(VA®Z), 0%y, — (V(A), 0})

identifying L(A ® Z) = vg (1) - L(A).

Proof. As above, define f € Homg, (A @, 3, 4) @z Qby f(a ® z) = k4(z)a.
The isomorphism

End(4 ®¢, 3) ®z Q — End(4) ®z Q
defined by j + f o j o f~!identifies End(4 ®¢, 3) with
{ka(z) ovorky(z)~' :v e End(4) and z € 3}.

The restriction of this map to V(A ® Z) — V(A) is the desired isomorphism. O

Remark 3.2.7 To every c-polarized CM module T we may attach a c-polarized CM
abelian surface A = (A, k4, A4) over C as follows. As in the discussion surrounding
Definition 2.3.2, the CM type X(T) determines a C-vector space structure on
Tk =T ®z R, and so A(C) = Tr/T is a complex torus. The Hermitian form
(2.2) determines a polarization A4 : A — AV, and the action k7 : Op — Endz(T)
induces an action k4 : O — End(A). It is easily seen that the construction T +— A
establishes a C4 (E)-equivariant bijection between the set of isomorphism classes
of ¢-polarized CM modules with CM type X, and the set of isomorphism classes of
c-polarized CM abelian surfaces over C satisfying the X-Kottwitz condition. The
inverse of this bijection is “take first homology”.

3.3 Moduli Spaces

In this section we take ¢ = O and fix a CM type X of E. We are now ready
to define the moduli space M of all &r-polarized RM abelian surfaces (a classical
Hilbert modular surface) and some special cycles on M. The first special cycle,
CMy, is the codimension two cycle of points with complex multiplication by O
satisfying the X'-Kottwitz condition. The second type of special cycle is the family
of Hirzebruch—Zagier divisors, denoted T (m), composed of points that admit special
endomorphisms of norm m. The third type of special cycle, CMx (), will appear
as a closed substack of the intersection of CMy with T(m). The definitions are as
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follows. Recall that a groupoid is a category in which all arrows are isomorphisms.
For algebraic stacks see [55] or [37].

Definition 3.3.1 Let M be the algebraic stack over Spec(Z) whose functor of points
assigns to a connected scheme S the groupoid of all Op-polarized RM abelian
surfaces A over S.

It is known that M is regular of dimension 3, is flat over Z, and is smooth over
Z[1/dF]. See [10,46,56].

Definition 3.3.2 For each nonzero m € Z, let T(m) be the algebraic stack over
Spec(Z) whose functor of points assigns to every connected scheme S the groupoid
of pairs (A, j) in which

e A € M(S) is an Og-polarized RM abelian surface over S;
e j € L(A) satisfies Qa(j) = m.

Definition 3.3.3 Let CMy be the algebraic stack over Spec(O’x) whose functor of
points assigns to every connected Ox-scheme S the groupoid of all Or-polarized
CM abelian surfaces A over S satisfying the X -Kottwitz condition.

Definition 3.3.4 For every nonzero a € F', let CMx(a) be the algebraic stack
over Spec(Ux) whose functor of points assigns to a connected Ox-scheme S the
groupoid of pairs (A, j) in which

e A € CMx(S) is an Ofp-polarized CM abelian surface over S satisfying the X-
Kottwitz condition;

e j € L(A) satisfies Qg(]) =q.

For m € Z™ let R,, be the ring obtained by adjoining to O a single element
J satisfying the relations j2 = m and xj = jx° for all x € OF. Then R,, is an
order in an indefinite quaternion algebra over Q. Given a scheme S and an S-valued
point (A, j) € T(m)(S), the subalgebra Jr[j] C End(A) is isomorphic to R,,.
Thus one may think of T(m) as the moduli space of &'p-polarized abelian surfaces
with an extension of the action of OF to R,,. If we use the forgetful map T(m) — M
to view T(m) as a cycle on M, then T(m) is a classical Hirzebruch—Zagier divisor.
Our moduli-theoretic definition of these divisors follows the characterization given
by Kudla—Rapoport [29].

For every nonzero m € Z there are evident forgetful morphisms T(m) — M and
CMy — Mgy . Using the definition of the moduli problems and the relation (3.3),
there is a canonical decomposition of &'s-schemes

T(m) /65 X4, CMy = |_| CMsx (). (3.4)

a€F!
Trpn/Q(a)=m

Note that Qg is totally positive definite for any &'r-polarized CM abelian surface A,
and so CMy (o) = @ unless « is totally nonnegative.
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Proposition 3.3.5 The structure morphism f : CMx — Spec(Oy) is étale and
proper. In particular, CMy is regular of dimension 1.

Proof. To show that the map is étale, it suffices to show that the induced map
. Zosh “sh
ST O s = Oug.

on completed strictly Henselian local rings is an isomorphism for any geometric
point z € CMy (]leg), q a prime of Ox. For such a z the ring ﬁ‘}h /(2 18 isomorphic
to the completion of the ring of integers of the maximal unramified extension of

O’ . If z represents the &z -polarized CM abelian surface A over F4¢, then &'h, .

represents the functor of deformations of A to complete local Noetherian ﬁszh, )"

algebras with residue field F® , where the deformations are again required to satisfy
the X' -Kottwitz condition. By [20, Theorem 2.2.1], such deformations exist and are
unique, and so the above map f* is an isomorphism.

Let R be a discrete valuation ring, and let A be an &r-polarized CM abelian
surface over L. = Frac(R). We claim (as is well-known) that the underlying abelian
variety A has potentially good reduction. After replacing L by a finite extension
L’ we may assume that the Néron model 4" of A" = A, over R’ (the ring of
integers in L) has semi-abelian reduction, as in [1, §7.4]. In other words, the identity
component of the reduction of A’ to the residue field of R’ is an extension of an
abelian variety by a torus, necessarily of dimension at most 2. But the character
group of this torus admits an action of 0, and so the torus has dimension 0. Thus,
by [1, Theorem 7.4.5], A’ is itself an abelian scheme, and it follows that A’ = A /L
extends to a Op-polarized CM abelian surface over Spec(R’). The properness of
CMy is now clear from the valuative criterion of properness for stacks [37]. O

Proposition 3.3.6 Let k be an algebraically closed field. For any nonzero m € Z
and geometric point z € T(m)(k), the completed strictly Henselian local ring
ﬁsh

T(m).z 1S @ complete intersection, and is the quotient of ﬁs{‘z by a principal ideal.

Proof. We use Grothendieck’s deformation theory of abelian schemes, as described
in [36, Chap. 2.1.6]. This is essentially the Grothendieck—Messing theory of [18,39],
but those references frequently restrict to local rings of nonzero residue character-
istic, while we wish to allow characteristic zero. Let R be the completion of the
strictly Henselian local ring of M at z, so that

ash

T(m),z

~ R/I

for some ideal /. Let m be the maximal ideal of R, and abbreviate Sy = R/ and
S = R/ml. The point z represents a pair (A, j) over k. The tautological R-valued
point A" € M(R) corresponds to the universal formal deformation of A, and Sy
is the largest quotient of R for which the special endomorphism j lifts to a special
endomorphism of A;lgio". The de Rham homology
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HldR(AumV) — Homs (HdR(AumV) S)
has a Hodge short exact sequence of free S-modules

0 — Fil' HR(AYSY) — H{R(AYS) — Lie(A}") — 0,

and Grothendieck’s theory implies that the lift of j to L(A”“‘V) induces an
endomorphism (still called j) of H dR(A“““’) The composition

Fil HdR (AumV) N HdR (Aumv HldR (Aul’llV) - Lle(AumV ,

which we denote by Obst(j), becomes trivial after applying ®sSo, precisely
because j lifts L(A“““’) Thus Obst(j) may be viewed as a map

Fil' HI®(AYSY) — (I /mI) ®r Lie(A§").

The principal polarization /\“‘;" of A" induces a perfect symplectic form on
H® (A““‘V) under which the Hodge filtration Fil! H®R (A““‘V) is maximal isotropic.
Fix an S basis {e1, e, f1, fo} of HdR(A““‘V) in such a way that {ey, e;} is a basis

of the Hodge filtration, and the symplectic form /\“““’ is given by the matrix (_ I )
where [ is the 2 x 2 identity. The condition j = j * implies that j has the form

. _(AB
T=\c4

for some A, B,C € M;(S) satisfying 'B= — B and 'C = — C, and the map
Obst(j) is given by the lower left 2 x 2 block,

()

with ¢ € I/ml. In particular Obst(;j) vanishes after applying ® sS/cS, and so j
lifts to a special endomorphism of the reduction of A“giv to S/cS. It follows that
S/cS =8y, and ¢S = I /ml. Nakayama’s lemma now implies that the ideal / C R
is generated by a single element, and as R is a regular local ring, R /I is a complete
intersection by [38, Theorem 21.2]. O

It follows from Proposition 3.3.6 that T(m) is a divisor on M for m > 0. Indeed,
it is locally defined by a single equation, and so we need only rule out the case that
T(m) contains an entire irreducible component of M. But M is flat over Z, and so
has no vertical components. Thus if T(m) contained an irreducible component of M,
the complex fiber T(m),c would have dimension 2. This contradicts the results of
Sect. 5.3, where we construct a complex uniformization of T(7)(C) and show that
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it has dimension 1. More detailed information about the structure of T(m) can be
found in [29,52,53].

Proposition 3.3.7 Suppose o € (F¥)*.

1. The category CMx (a)(C) is empty.

2. For every prime q of Oy and every point (A, j) € CMy (ot)(IE‘glg) the underlying
O'r-polarized CM abelian surface A is supersingular. Moreover; there is an E"-
linear isomorphism of F*-quadratic spaces

(V(A), 04) = (EF, axxh). (3.5)

Proof. If A € CMx(C) then Proposition 3.1.2 tells us that dimg V(A) < 2. As
V(A) is an E* module, the only way we can have V(A) # 0 is if we are in
case (biquad), so that EY ~ E, x E, (as in Lemma 2.1.1), and one of the two
orthogonal idempotents in E* kills V(A). This implies that (V(A), Qi) can only
represent elements of F¥ of norm 0, and in particular cannot represent . Thus
CMz (o)(C) = 0.

Suppose (A, j) € CMy (oz)(IFZlg). If A is not supersingular then Proposition 3.1.3
implies that dimg V(A) < 4, and the argument of the preceding paragraph shows
that V(A) cannot represent o. As V(A) represents @ by hypothesis, we conclude
first that A is supersingular, and then, using Proposition 3.2.5 that there is an
isomorphism (3.5). ]

For a € (F*)* define a quadratic form Q,(x) = TrFu/Q(axxT) on the Q-vector
space E*. Define the global support invariant of o

—drp,—1

inv(@) = hasse(E¥, Q,) ® ( Q

) € B (Q), (3.6)

and, for any place £ < oo, let the local support invariant of o
inv(er) € Bra(Qp) = {£1}

be the image of the global invariant under Br,(Q) — Br,(Qy). Taking H = M,(Q)
in (3.1) and using the calculation (3.2), the global support invariant has the alternate
characterization

hasse(E*, Q,) = inv(a) ® hasse(Wy,(q). Nm).

Loosely speaking, inv(«) measures the disparity between the two quadratic spaces
(E¥, Q4) and (Wa,(@), Nm). Define the modified local support invariant

invy(a) if £ < 00

invg (@) = —invy () if £ = o0
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and a finite set of places of Q
Sppt(er) = {€ < oo : invy (o) = —1}. (3.7)

The product formula [], <ooinve(@) = 1 implies that Sppt(er) has odd cardinality.
The term “support invariant” comes from the fact that the set Sppt(«) determines the
support of the stack CMyx («), as the following proposition makes clear.

Proposition 3.3.8 Suppose o € (F¥)*.

1. If #Sppt(e) > 1 then CMx (o) = 0.

2. If Sppt(a) = {00} then CMx (o) = 0.

3. If Sppt(er) = {p} with p < oo then every geometric point of CMx(«) has
characteristic p.

Proof. Suppose (A, j) € CMy(a)(k) is a geometric point. By Proposition 3.3.7
the field k has nonzero characteristic, and A is supersingular. Moreover, Propo-
sitions 3.3.7 and 3.1.3 tell us that there is an isomorphism of (Q-quadratic spaces
(E*, Q4) = (Wy,Nm), where H is the rational quaternion algebra of discriminant
p = char(k). Comparing (3.2) with (3.6) shows that inv(¢) = H, and hence
Sppt(e) = {p}. All claims now follow easily. O

Proposition 3.3.9 Ifo € (F¥)* then CMx () has dimension zero.

Proof. Suppose q is a prime of Oy and z € CMg(a)(F4%). By [47, Proposition
2. 9] and the proof of Proposition 3.3.5, the completed strictly Henselian local ring

Scl;@(a)z is a quotient of the complete discrete valuation ring ﬁSh The stack
CMyx (oc) has no pomts in characteristic 0, by Proposition 3 3.7, and so the quotient
map ﬁ g ﬁscl;,lx («).c 18 not an isomorphism. Therefore o CMs () - 18 Artinian, and

the result follows easily. O






Chapter 4
Eisenstein Series

In this chapter, we review some general facts on Eisenstein series, and construct the
Eisenstein series E(t, s, T) of the introduction.

For x € R set e(x) = e?™**. Let  : A — C* be the unique unramified additive
character that is trivial on Q and satisfies Yo(x) = e(x). Define an additive
character Yp: : Ap: — C* by

Vit =¥ oTrpyq.
Let x* : AX, — C* be the quadratic Hecke character associated to £/ F¥. Define

an algebraic group over Q by G = Res g SLo.

4.1 General Constructions

Let §) z; be the F* upper half-plane of the introduction. For 1 = u + iv € $: set

1u) (v'/?
g = ( 1) ( V_l/z) S SLz(F]Ig)

viewed as an element of SL(A j4) with trivial nonarchimedean components. For a
finite prime p of F¥ let Ky, = SLy(Of: ) be the usual maximal compact open

subgroup of SLZ(Fg). If v is an infinite place of F¥, let
K, = {kg : 0 € R} = SO,(R)

be the usual maximal compact subgroup of SLZ(FVn), where
A 0 sin6
7 \—sinfcosh )

B. Howard and T. Yang, Intersections of Hirzebruch—Zagier Divisors and CM Cycles, 43
Lecture Notes in Mathematics 2041, DOI 10.1007/978-3-642-23979-3_4,
© Springer-Verlag Berlin Heidelberg 2012
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Let K = ]_[p K, (including the infinite primes).
Let

SLo(A 1)
I(s. 7" = Q) 1. 18) = Indy, (51 1)

be the representation of SL,(A +) induced from the character x* - | |* on B(A ).
Here B C SL,; is the subgroup of upper triangular matrices. If R is any F*-algebra,
define subgroups of B(R) by

N(R) ={n(b) : b € R} M(R) = {m(a) :a € R*}

=7 m@=(5,%):

A section (element) in (s, x*) is a smooth K-finite function @ on SLZ(AL}U) such
that

where

P(n(bym(a)g.s) = x*(@)lal ' (g, s)
forall a € A;n, b € Aps,and g € SLy(Afz). A section @ € (s, %%) is called
standard if @ |k is independent of s. A section @ is called factorizable if ® = Q®,

with @, € I(s, )(B). For our purpose, it is sometimes convenient to consider /(s, x*)
as a representation of the group G(A). In this view, there is a factorization

16, 0 = @ 165, 1) (s, 15) = @ 15, 1.
P

vlp

A section @ € I(s, y*) is called Q-factorizable if @ = ®P, with @, € I(s, )(‘n”).
Associated to a standard section @ is an Eisenstein series on SLy (A 1)

E(gs.®)= > ®(yg.s). (4.1)
yEB(FH\SLy(F?)

According to the general theory of Langlands on Eisenstein series [41], the
summation defining E(g, s, @) is absolutely convergent when Re(s) is sufficiently
large, and has meromorphic continuation to the whole complex plane with finitely
many poles. The meromorphic continuation is holomorphic along the unitary axis
Re(s) = 0 and satisfies a functional equation in s + —s. Furthermore, there is a
Fourier expansion
E(g.5.®) = Y Eu(g.5.®)
acF!

where
Eu(g.s.®) = /F  E()g.5.9) - (-ba) db.

Fi
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Here db is the Haar measure on F#\A ;; self-dual with respect to ¥/ zz. If & = Q®,
is Q-factorizable and o € (F¥)*, there is a factorization

Ey(g.5,®) = [ [ Wan(gy. 5. ®)) 4.2)
p

in which
Wo.p(8p. 5, Pp) = / , Pp(wn(b)gy.5) - Y px(—ab) db.
Fp
andw = (_01 (1)) If ® = ®®, is factorizable over the places of F*, then

Wa,p(g,m s, qu) = l—[ Wa,v(gw s, ¢v)
vlp
and

Eo(g.5. @) = [ | War(gv. 5. ®y).

Here W, ,(-) is defined the same way as W, ,(-) but with F IE replaced by F?.
When v is an infinite prime of F* the compact group K, = SO,(R) is abelian
with characters kg — ¢’/ indexed by £ € Z. Using the decomposition

SL,(F) = B(F?) - K,

and the fact that the character )(n is odd, it follows that

Is.xh) =Epc- o (4.3)

¢ odd

where @f e I(s, XE) is the unique standard section whose restriction to K, satisfies
¢ i 00
@v (k@) =",

Write @5, = [],1o0 ®¢ € I(s, )(E,o) For a standard section

v]oo

@r e @16 1)

vioo
the function (t = u + iv € Hp1)

E(r.s.®y ® ®S,) = Normpso(v) /% E(ge.5. @5 ® DL)
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is a non-holomorphic Hilbert modular form of parallel weight £. Given a prime
p < oo of Q abbreviate

Wa,p(sa ¢p) = Wa,p(lv S, ¢p)
Wa.oo(t, 8, @éo) = NormFu/Q(V)_”2 - Wyoo(ges S, <1§£o).

4.2 The Weil Representation

There is a systematic way to construct standard sections in the induced representa-
tion using quadratic spaces and Weil representations. We review some basic facts
about the construction in this section, and compute the associated local Whittaker
functions in Sect. 4.6. We will use slightly different notation in this section and in
Sect.4.6. Let .# be a local field of characteristic not equal to 2, and let ¥ be a
non-trivial additive character of .. Let VV = (V, Q) be a non-degenerate quadratic
space over .% of even dimension 2m. The reductive dual pair (SL,(.%), O(V)) gives
a Weil representation wy,y of SL,(:#) on S(V), the space of Schwartz functions
on V', which is determined by the formulas

wyy (n(0))p(x) = Y (bQ(x))¢(x)
wyy (m(a))p(x) = xv(a)lal"¢(xa) (4.4)

01y W pE) = y(V) / SOV (—lx.yD dyy

forp € S(V),a € F*,and b € F. Here yy(a) = ((—1)"detV,a)z is the
quadratic character of .7 associated to V, [x, y] is the bilinear form on V defined
by [x,y] = Q(x +y) = Q(x) — Q(y), and

w=(23).

Finally y(V) = y(V, ¥) is the local splitting index defined in [24, Theorem 3.1].
See also [25, 1.3], where y(V, ¥) is denoted y (¢ o Q). We refer to [24], [25], and
[45] for basics on Weil representations. Define also

n-(0) = (41)-

Lemma 4.2.1 Let Vi and V, be two quadratic spaces over % of the same
dimension, same quadratic character, but different Hasse invariants. Then y(V}) =

-y (V2).

Proof. This is a direct calculation either from from the definitions, or from [25,
Lemma 1.4.2]. O
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For so = m — 1 the map
A= AV,W . S(V) — I(SO, xv)

defined by A(¢)(g) = wvy(g)¢(0) is SL,(F)-equivariant. Given a Schwartz
function ¢ € S(V), let @(g,s) € I(s, yv) be the unique standard section satisfying

(g, 50) = A9).

Concretely, if we factor g = n(b)m(a)k withb € F,a € F*,and k € SL,(O%)
(when .7 is p-adic), k € SO(R) (when % = R), or k € U(2) (when % = C),
then

(g, 50 +5) = A(@)lal’.

Define the Whittaker function
Walg.5.®) = [ @0 nb)g.s) - r(-ab) db,
F

Here db is the Haar measure on .% self-dual relative to . The Whittaker function
depends on v, and we will write Wa’/’ (-..) when we wish to emphasize this
dependence.

Fora € 7>, denoteby V¢ = (V,aQ) the vector space V with the new quadratic
form x + aQ(x), and denote by ays the additive character ay/(x) = ¥ (ax). The
following follows from [25, Corollary 6.1] and can also be checked easily from the
explicit formulas for the Weil representation.

Lemma 4.2.2 Fixa € .F*.

1. One has wyay = wyay.
2. If ¢ € S(V) and ¢ € S(V?) is the image of ¢ under the identification S(V) =
S(V?), then
Avay (@) = Avay (9) € 1(so, xv)-

Moreover, the associated Whittaker functions are related by

WV (8,5, Avay () = lal? WL(g., s, Avay (6°)).

We end this section with a well-known fact (see for example [50, Lemma 1.2]).
Note that in [59] the factor of 2 is mistakenly omitted in definition of the function
¢ of the following lemma. Recall that o : R — C* is the additive character

Voo (x) = e(x).

Lemma 4.2.3 Let (V, Q) be a quadratic space over % = R of signature (p, q), and
let yy = ((—I)W, -)r be the associated quadratic character of R*. Fix an
orthogonal decomposition V = Vi @ V_ where Vi are positive (negative) definite
subspace of V, and write x = x4 + x_ according to the decomposition. Let
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d(x) = e 2(Q(x4)=0(x—)) ¢ S(V).

Then ¢ is an eigenfunction of (SO2(R), wy y.,) with eigencharacter kg — e,

P—q
In particular, A(¢) = P> € I(s, xv) is the normalized weight 25 vector in the
decomposition (4.3).

4.3 Coherent and Incoherent Eisenstein Series

In this section we review some basic facts about coherent and incoherent Eisenstein
series. The reader is referred to [26, 28, 33], and the references therein for more
details.

Given a place v of F* let %, be a binary Fvn—quadratic space whose character

XE, (x) = (_ det(%\))v x)v

is equal to )(5. Let hasse(%,) be the Hasse invariant of %,. The reductive dual pair
(SLZ(FVn), O(%,)) determines a Weil representation o, = @, gi of SL,(F?) on the
space of Schwartz functions S(%,). Moreover, the Weil représentation provides an
SL,(F, Vn)—equivariant map

Ay S(6,) — 100, x%)

defined by
L(@)(g) = (0.(2)9)(0).

Let R(%,) be the image of A,. It is a beautiful fact [26] that

10, x5 = P R(%) 4.5)
Gy

v

where the direct sum is over all binary Fvn-quadratic spaces %6, of character )(8.
Suppose that ¢ = [], 4, is a free A py-module of rank two equipped with an
A pr-quadratic form whose character

xe(x) = l—[(— det(%), x),

is equal to y*. If l_[
hasse(%,) = 1
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then there is a global F*-quadratic space V such that € =~ V ® s A s, and when
this is the case we say that € is coherent. If

l_[hasse(%) =-1

then no such V exists, and we say that € is incoherent. We will usually think of ¢
as a collection of local quadratic spaces {%,} rather than as a quadratic space over
the adele ring A ;. It follows from (4.5) that there is a global decomposition

1(0,;&):( ) R(%))@( T R(%”)),

€ coherent € incoherent

where

R(%) = Q) R(%.).

Remark 4.3.1 Pick any @Fn-lattice LC% = ]_[v+oo 6., and for a finite place v

of F' let L, be the component of L at v. The tensor product defining R(%) is
understood to mean the restricted tensor product of the R(%,) with respect to the
vectors A,(char(L,)), where char(L,) € S(%,) is the characteristic function of L,.

Associated to any @(g) € 1(0, x*) there is a unique standard section

®(g.5) € I(s, 1)

such that @(g,0) = ®(g). The formation of Eisenstein series (4.1) gives an
SL>(A pz)-equivariant map

Eis : 1(0, x*) — 7/ (G(Q)\G(A)) (4.6)
defined by

® — E(g,0,9),

where o/ (G(Q)\G(A)) is the space of automorphic forms on G. Kudla showed in
[26] that

ker(Bis) = €  R(®).

% incoherent

Given a coherent A ;;-quadratic space % as above and a
¢ € S() = (X) S(%.)

(the tensor product on the right is the restricted tensor product with respect to the
characteristic functions of lattices L, C %, as in Remark 4.3.1) the Eisenstein series
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E(g,0,A(¢)) is related to a theta integral by the Siegel-Weil formula. Given an
incoherent collection 4’ and a ¢ € S(%) the Eisenstein series E(g, s, A(¢)) vanishes
ats = O by (4.6). One of the primary goals of Kudla’s program on arithmetic Siegel—
Weil formulas [28] is to understand the derivative of E(g,s, A(¢)) ats = 0.

Given an incoherent collection ¢ of local binary quadratic spaces as above, and
an a € (F%), define Diff(a, %) to be the set of all places v of F* for which the
quadratic space 6, does not represent . Equivalently

Diff(a, €) = {places v of F* : )(B(a) # hasse(%,)}.

From the second description it is clear that Diff(«, %) is a finite set of odd card-
inality. When ¢ = ®¢, € S(%) is factorizable,

v € Diff(o, 4) = W,y.,(g,0,¢,) =0. 4.7)
See [26]. Similarly, if ¢ = ®¢, € S(¥) is Q-factorizable then

We.p(g.8.¢p) =0 (4.8)

for every place p < oo of Q such that Diff(«, ¥") contains a place above p.

4.4 CM Abelian Surfaces and Coherent Eisenstein Series

Let ¢ D OF be a fractional Or-ideal, and fix a prime p. Fix a CM type X of E,
let q be a prime of O, and let A be a c-polarized supersingular CM abelian surface
over leg . As in Sect. 3.2, the space of special endomorphisms L(A) is a Z-lattice
in the free rank two F'-module V(A), which is equipped with the totally positive
definite F®-quadratic form Qg of character yy @) = ¥t Let

¢a = char(L(A))

denote the characteristic function of Z(A) C ’V(A). Lemma 4.2.3 implies that the
Eisenstein series R
E(t,5,A) = E(1,5, AM(¢a) ® L)

associated to the coherent collection V(A) ®q A is a Hilbert modular Eisenstein
series of weight 1. Moreover, E(t, 0, A) is holomorphic. We write W, ,(g, s, A) for
the associated local Whittaker functions, and

Wa,p(sa A) = Wa,p(l,S,A).
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Proposition 4.4.1 Recall the group Cy(E) defined in Sect.2.4. For any totally
positive a € (F)*

1 #Co(E
Z Z #A t(A®Z)qa= 2;)/15 )'Ea(ta()’A)'
2eCo(E) jeLamz) Y E
O\gali)=u

Proof. Recall the homomorphism vg : Tg — Sg of algebraic groups of Sect.2.4.
Abbreviate [Sg]=[Se(Q)\Sg(A)] and fix a Haar measure on [Sg]. For any
function f on

[SEl/SE®)vE(Ug) = SE(Q\SE(Af)/vE(Uk),

the isomorphisms

Co(E) = Te(Q\Tx(A 1)/ Us > Se(Q\Sg(A7)/ve(Uk)

imply that

Vol([S )
hydh = .
[[SE] fydh = =57 [GCZ(E)f( £(0). (4.9)

For an infinite prime v of F*, define an S E(Fvﬁ)-invariant function on V,,(A) by
:
§.(x) = €A,

and recall from Lemma 4.2.3 that A,(¢,) = @!. Let ¢oo = ®, )00y Fort =u+iv €
Hprand h € Sp(A) let

B(z.h.A) = Normys ;5 (v) "2 Y (@ra)(ge)doo) (sl x) - ga(h7'x)

xeV(A)

be the theta kernel on §5; x Sg(A). Simple calculation using (4.4) shows
0. h.A) = Y ¢alhy'x)- o)
x€V(A)
Let
I@M=/9@hmw
[SE]

be the theta integral. Then (7, A) is a Hilbert modular form of weight 1, and the
Siegel-Weil formula of [27, Theorem 4.1] asserts that

I(t,A) = WE@,O,A). (4.10)
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Note that Vol([Sg]) = 2, in the normalization of [27, Theorem 4.1].
Next, using (4.9), the o™ Fourier coefficient of /(z, A) is given by

A]ij@mﬁ

JEV(A)
04 (j)=a

- YollSeD Yo eae®7'))

#Co(E) t€Co(E) jeV(A)
0k ()=a

- YollSeD YooY baez()

#Co(E) ZeCo(E) jeV(ARZ)
0k gzli)=

I()((Ts A) : q_a

where the final equality follows from Proposition 3.2.6. Combining this with
Lemma 3.2.4 shows that

—a VOl( SE]) WE 1
Iy(t,A) ¢ = ———— Z Z _— 4.11)
#Co(E) LEColE) jLASE) #Aut(A ® Z)
0 gz li)=a
Combining (4.11) with (4.10) completes the proof. O

4.5 CM Modules and (In)Coherent Eisenstein Series

Fix a fractional &p-ideal ¢ O Op, and let T be a c-polarized CM module as in
Sect.2.3. Let L(T) be the space of special endomorphisms and recall that the rank
one E*-module V(T) = L(T) ®z Q is equipped with the F¥-quadratic form anr
By Proposition 2.3.5, the F*-quadratic space (V(T), Qﬁ.) has signature (2,0) at
one infinite place of F*, and has signature (0,2) at the other infinite place. Let
%' (T) = [ [ %,(T) be the incoherent binary quadratic space over A ;¢ obtained from
V(T) by replacing the quadratic space V,(T) at the infinite place v at which V,,(T)
has signature (0,2) by a quadratic space of signature (2,0). In other words, for
every place v of F¥ we let %,(T) = V,(T) as an Ff—module; if v § oo we give 6,
the quadratic form Qﬁq, and if v | co we give %, the positive definite quadratic form.
If we set R
e =[]sm

vioo

then Z(T) can be viewed as a Z-lattice in the F*-module %(T). Define an incoherent
Eisenstein series associated to the incoherent collection %' (T) by
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E(r,5,T) = E(t,5,A(¢1) ® BL)

where R R
¢r = char(L(T)) € S(Z'(T))

is the characteristic function of Z(T). Lemma 4.2.3 implies that E(z,s,T) is
a Hilbert modular form of weight 1, and the incoherence of % (T) implies that
E(7,0,T) = 0. We write W, ,(g, s, T) for the associated local Whittaker functions,
and

Wap(s,T) = W ,(1,5,T).

Remark 4.5.1 The section ’X(¢>T) e I(s, an) is Q-factorizable, but as the Z-lattice

Z(T) C %(T) need not be stable under the action of ﬁm, the section ,k\(qﬁT) need
not admit a factorization over the finite places of F¥.

For @ € (F')* abbreviate Diff(er, T) = Diff(a, €(T)). If « is totally positive
then v € Diff(«, T) if and only if v is finite and V,,(T) does not represent .

Lemma 4.5.2 Suppose a € (F')*. Every place v € Diff(a, T) is nonsplit in E".
Furthermore, if p € Sppt(«) then Diff(«, T) contains a unique prime above p.

Proof. The first claim is clear: if v € Diff(e,T) then (V,(T), QPr) does not
represent . By (2.5) this requires that v is nonsplit in E¥. Now suppose p €
Sppt(cr). We first prove that there is at least one prime of F* above p which belongs
to Diff(c, T). Suppose not. Then the F ‘5 -quadratic space V,(T) represents , and it

follows from (2.5) that there is an isomorphism of F/ IE -quadratic spaces
(V,(T), 0}) = (ES, axxh).
This implies that there is an isomorphism of Q ,-quadratic spaces

(V(T), Q1) = (En»Trpu/Q(OlXXT)).

Comparing Proposition 2.2.2 with (3.6) shows that inv, () = 1, contradicting p €

Sppt(a).
Now we prove that Diff(e, T) contains exactly one prime above p. We may
assume that pOr: = pips is splitin F*, and so

Fl = Fj x Fj, = Q, x Q.

The idempotents on the right induce a decomposition of E?, as a product of Q,-

algebras Ef ~ E|xE;.For 8 = (81, 8,) € F,E with 8; # 0, define an F‘E—quadratic
form
04() = ez’ = (Br212]. Poraz))
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on E5, and a Q ,-quadratic form on the same space Q(2) = Bi1z1z] + Barzazy. If d;
is the discriminant of E; then a simple Hilbert symbol calculation shows

hasse(E%, Qp) = (B1.d1)p - (B2.da)p - (—d1.—d>) .
Recalling (3.6), (2.5), and Proposition 2.2.2

—hasse(Eg, Q4) = (=dp,—1), = hasse(E", Os(1))-
Writing B8(T) = (81, B2), we find

(Br,d)p - (B2, da)p - (—di, —da) p # (a1,d1)p - (02, d2) p - (—di, —d2) .

Thus
(B1.d1)p # (a1,d1), or (Ba,dr)p # (2,d2))

but not both. It follows that « is represented by (E 3 B(T) locally at exactly one of
p1 and p,, and so either p; € Diff(«, T) or p, € Diff(x, T), but not both. O

Corollary 4.5.3 Ifa € (F*)* is totally positive and #Sppt(a) > 1, then
E!(g,0,T) =0.

Proof. By Lemma 4.5.2, for each p € Sppt(e) there is a prime above p
in Diff(c, T). Therefore (4.8) and the factorization (4.2) imply that E,(g,s,T)
vanishes to order at least two. O

Associated to a polarized CM module T of CM type X, there is also a coherent
Eisenstein series E(z,s, V(T)) that will be needed in the proof of Lemma 5.3.3.
Let co® = oof be two archimedean places of F 1 asin Proposition 2.3.5, so that
V(T), Qﬁ.) has signature (2,0) at oo™ and signature (0, 2) at co~. Fora € F¥, let
a+ € R be the image of « in the completion of Flatocot. Ift=u+ive e, let
T4 = U4 +ivy € § be the image of T under the map §) zx — $) determined by oo,

Define a Schwartz function ¢t s = @1 @ Pr oo+ ® P1.00— On the adelization of
the F®-module V(T) as follows. Let ¢p be the characteristic function of Z(T), and

set

Dt (x) = TR

for x € V__+(T). By Lemma 4.2.3, the Eisenstein series
- 1
E(t,5, V(D) = (vi'v-)2 E(gr, 5, M($r.8))

= (Vi) E(ge. 5. Agn) @ @1 @ D3 L)
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has weight 1 at cot and weight —1 and co™. We denote by W, ,(g, s, V(T)) the
associated local Whittaker function, and

Wap(s. V(T)) = Wy (1.5, V(T)).

We now have the following variant of Proposition 4.4.1.

Proposition 4.5.4 FixT € Xy ando € F'. Ifay > 0 and a— < 0, then

1 #Co(E
Sy L BB e 0, ().
. WE 2WE
2€Cy(E) jeEL(T®Z)
Oigzli)=0

Proof. The proof is similar to that of Proposition 4.4.1, and we only give a sketch.
Let

O(r.h. V(D) = (vi'v)? Y ovm(g)ralh'x)

x€V(T)

be the theta function associated to ¢y, where 1 € SO(V(T))(A). A simple
calculation gives

Q(T, h, V(T)) =vVv_ Z e4ﬂa,v,qa Z ¢T(7/l\_1x)
aEFt x€V(T)
05 (n=a

where ¢% = e(a4+714)e(@—t_), and 71 is the finite part of /. Let
I(z,V(T)) = / O(t,h,V(T))dh
[SE]

be the associated theta integral. Unfolding, as in the proof of Proposition 4.4.1,
implies that the o' Fourier coefficient of I(z, V(T)) is given by

Vol([SE]) .
(e V(D) = 5 Giv-et™ = 30 30 L
0 2€Co(E) jeL(T®Z)
Oz (i)=c

On the other hand, the Siegel-Weil formula [27, Theorem 4.1] gives

I(z,V(T)) =

YUSeD o, very

Now the proposition is clear. O

In Chap. 5, we will see a close relation between the incoherent Eisenstein series
defined in this subsection and the coherent Eisenstein series defined in this and
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the previous subsections. For example, suppose X is a CM type of E and q is a
prime of Ox. If A is a supersingular &p-polarized CM abelian surface over an
algebraic closure of Oy /q, then A admits a unique lift to characteristic 0. This
lift corresponds, by Remark 3.2.7, to an Of-polarized CM module T, and the
coherent and incoherent quadratic spaces V(A) and %'(T) differ at a unique place
of F¥. This implies a close relation between the Whittaker functions W, (g,s,A)
and W,(g,s, T).

4.6 Local Whittaker Functions

In this section we compute some local Whittaker functions in specific cases. Some
of the formulae have appeared in [59], among other places.

Fix a prime p, and let .% be a finite extension of Q,. Let & be a either a quadratic
field extension of ., or & =~ % x Z. In the applications we will take .# = F!
and & = Eg for a place v of F*. Let Dg/7 and dgjz = Nm(Dg, ) be the
relative different and discriminant. Denote by y : #> — C* the quadratic character
associated to &/.%, and by x + xT the nontrivial automorphism of &/.%. Let
7 € . be a uniformizing parameter and abbreviate

f=ord;(ds)z) and q=#0z/n0%.

Fix anonzero 8 € Oz and let V3 = & with the .7 -quadratic form Qg(x) = fxxT.
Let ¢ be an unramified additive character of .%, and let w = OV be the associated
Weil representation of SL,(.#) on the space of Schwartz functions S(Vj). For
ue @GZ} & write

Py = Ay, (@) € 1(s, )

for the standard section associated to the Schwartz function
¢" = char(n + Og)
Define the normalized Whittaker function
Wi (2.5, @) = |dsyz [ L(s + 1, ))Walg, 5, @),

and abbreviate
Wr(s,®) = Wr(l,s, ).

Lemma 4.6.1 1. Let dgz be the self-dual Haar measure on & with respect to the
F-bilinear form [x,y] = Y (Tre;z(BxY)), and let dz be the standard Haar
measure on & with Vol(Og,dz) = 1. Then dgz = |,32dg/y|%.

2. If &/ F is afield extension then
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/ () dz= C(£).7) [ $()(1+ £(x)) dx
& F

for every ¢ € S(¥). Here dx is the standard Haar measure on F with
Vol(O#,dx) =1, and

1 if &/.F is ramified

C&)F) = . L o
s 4+¢q7") if&)F is inert.

Proof. Claim (1) is trivial. We now verify (2). As & is a field, for any f € S(&)

[roa=[ weof=[ [ nieda

Here &' is the group of norm one elements in &, dg is the Haar measure on &'
with (Vol(&')) = 1, and dt is the quotient measure. Now z > zz' can be used to
identify &* /& with its image in .Z*, whose characteristic function can be given
as —(1 + x(x)). Using the standard Haar measure ‘ ‘, we have

[ r@az=cuers [ Fo &
& FX | x|

for some constant C; (& /.%) (the transfer constant from d¢ on & /&1 to %), where

Foo =29 [ g de.

Here z € £ is any element with 2z = x;if no such z exists, then y(x) = —1 and
we take f(x) = 0. If we let f(z) = ¢(zz") for ¢ € S(.F), then

1+X(x) +X( )

foo = 120, |/ s dg = T2 s,

and so
[ $(N)dz = C(&).) / $()(1 + 7(x) dx
& F

where 2- C(&/F) = Ci(&/F). Taking ¢ = char(€ #) yields the desired formula
for C(&/F). O

For any ideal a C 0% define a compact open subgroup

Ko(a) = {(CCZ Z) eSLy(Ogz): c € a} .
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The proof of the following proposition is the same as [59, Propostions 2.1 and
2.2], and is left to the reader. When a # ¢4 is contained in the conductor of y,
i.e. y(1 + a) = 1, we extend y to a character of Ky(a) via

(G2 ne

Proposition 4.6.2 Assume that &/ F is unramified, andfixano € F*. Ifa & Oz
then Wy (s, @g) = 0. Assume thata € O .

1. Iford, (o) < ord, (B) then

Wa* (S, d)g) ord, ()
S BILG L (g Y g0,
v(Vp) ,,2:(:)

In particular, W (0, @g) =0, and

W*/(O @0) ord ()
o >R n
—————— = |Bllog(g) L(1, y) q".
y(Vp) ’;

2. Iford, () > ord,(B) then

Wa* (s, @0) ordy (B)—1

B’ _ —s n(1—s)
——— =1BILs+ 1. )0 —q") q
y(Vp) ;

ordy (/B)
+1BL Y a@HgTm.
n=0

In particular,

W (0, @) | m“d%“:/ﬁ’ Loy — |y O @/B) £ 1 i () = 1

— 5 = = _yordr (@/B) i

y(Vp) = BEDTE i () = 1.

So W (0, @2) = 0ifandonly if y(wr) = —1 and ord, (o/ B) is odd. When this is

the case,
W.(0, @2)
y(Vp)

Proposition 4.6.3 Assume that &/.% is ramified, and fixana € F*. If o € Oz
then W (s, @g) = 0. Assume a € Og.

ord, (/) +1 1— q“’rd”(ﬁ)}

~ Bl1oe(q) | “2 L
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1. If0 < ord, («) < ord,(B) then

Wa*(S, @0) ord, ()

B _ —5 n(l—s)
—— =1Bl01—q™") g
y(Vp) ,;)

In particular, W (0, qbg) =0, and

Wa**’(O @0) ord, ()
> B n
——~— = |Bllog(g) q
y(Vg) ;

2. Iford, () > ord,(B) then

Wa*(S, d)g) ' ' ~ ord, (B)—1 B
— K d K 1— s n(l A)‘
Sy = B x@/Bleds gl A1 —q7) j;% q
In particular,
WrO.2)
S0 + x(a/B).
If x(ee/B) = —1 then
W (0, 99) P
e N | _— d, .
y(Vp) oe(@) [ ai—qh " /P f}

Proof. The case B € 07 is [59, Proposition 2.3]. We may choose the uniformizer
7 of F so that () = 1 and a uniformizer s of & such that Nmg, #(ns) = 7.
Abbreviate X =g, ¢ =ord,(8), and N =ord, (@), and recall f = ord,(ds,7).
As in [59, Proposition 2.3], the Schwartz function ¢° is an eigenfunction of
Ko(Bds,#) with eigencharacter y (with respect to the Weil representation). So for
every k € Ko(Bds;#) and g € SLy(.#) one has

Dg(gk) = x(k)Pg(g).
Furthermore, one checks @2(1) = 1and

)W) = y(Vp)B2dez|* = x(B)y(V)|B%de 7|2

We now verify that for b € &' one has

Di(n—(b)) = P5(w™") x(b)|b| ™ char(0.7)(B/b).
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Using n—(b) = wn(—b)w™!, unwinding the definition of the Weil representation

shows
b
qbg(n_(b))zf w( ﬁzzf) dz.

Lemma 4.6.1 shows that if 0 < ord, (b) < ord,(8) + f then

bx

ot
(o o
-,

( bn;fx)w(x)dx

= |B/bla™7 1 (b/B) y(~n~ . 1) - char(65) (B/b).

Pn—(b)) =

/M

Here

_r L _r
per 0 =gt [ v g dx.
0%
Take B = b = 1 for a moment. From n_(1) = n(1)w~'n(1) it follows that
_ _r
@) (n-(1)) = &)(w™) = y()g 2.
Comparing these two equalities shows y(—z =/, x) = y(V}). Now the formula

for @f(n—(b)) is clear.
Now we are ready to prove the formulae for W, (s, @g). Using

wln(b) = n(=b " Hm (b Hn_(b™")
and the formulae just proved, we have

Wal(s. D5) :/ﬁ Pgw Y (—ba) db

ct+f—1

+ 3 / KO -0 e b

Py / x(b) b=~y (—ba) db

n=c+f 0%
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= ¢g(w_1)char(ﬁy)(oé) + Z X”)((O{)q_%y(Vl)char(n"_f 0%)(a)
n>c+f

+ dg(w) Z (gX)"[char(n" Oz)(a) — ¢~ ' char(x" ' Oz)(a)].

O<n<c

Therefore W, (s, dﬁg) = Ounless @ € O%. When @ € 04, one has

Wa(s. @5) (1 X)X (gX)" if N <c
PE(w ) ¢° [XC+ x(Ba)X V] + (1 - X) XiTh@X)" if N >,
and the proposition is clear. O

Proposition 4.6.4 Assume that &/ F is ramified, o € F*, p # 2, and . € @E}g\
Og. Then Wa*(s,cbg) = 0 unless c(o, ) = ordg(a — Qp()) > 0. Assume
c(a,p) = 0.

1. If 0 < c(a, u) < ord;(B), then

W*(S @M) cla, )

o \P gt —s n(l—s)

——— = Bl(1—q7") Y ¢".
y(Vp) —=

In particular, W (0, QD;; ) =0, and

Wa**’(O d)ﬂ) c(o,p)

i n

——— % = |Bllog(q) Y _ q".
y(Vp) =

2. If c(a, p) > ord, (B), then

Wu*(S d)l’«) ord, (B)—1

> TB _ —sordy(B) —s n(l—s)

———F =g +1BIA=g™) Y g
y(Vp) =

In particular W (0, @g) =1.

Proof. The proof is similar to Proposition 4.6.3. We again abbreviate X = g,
¢ = ord;(B) and N = ord,(«). We don’t assume that p # 2 until the actual
calculation of the Whittaker functions. First it is easy to check the following explicit
formulae

w(n(b))p" = Yy (bOg(u))¢" forbe Oz,
wm(a))p" = y(a)g® * fora € 0%,
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o(n—(b))p" = ¢" forb € fDs/ 7,
oW () = DY WY (~Trey 7 (Buix)).

From this, one sees immediately that 45;; has the following properties.

1. Forevery b € 04, we have

@4 (gn (b)) = Y(bQs (1)) - B} (9).
2. Forevery b € D4, %, we have
@y (gn-(0)) = P4 (g).
3. We have 05;;(1) = 0and @g(w_l) = q§§(w_1).

Finally, forevery b € 0 #,

Pg(n-(b)Y (b~ Qp(w))  if orde(b) < ords (1pDes)7)
0

L (n_(b)) =
g (b)) iforde(b) > ords (8D s).7).

Notice that if p # 2 (which is our assumption in the proposition) this covers all
possibilities. We now verify the last formula. The case b € Bds;# follows from
(2) and (3) above. Assume b ¢ Bds;z (i.e. ord;(b) < ¢ + f). Using n_(b) =
wn(—b)w™! we find

Yedl _

If orde(b) < ords(up®Ds,7) then ,B/Lné:b_l € Og. The substitution z > 7 —
,B,un‘é’;b_l gives

) Yedl
of o) = vt~ ) [ v (~557) oz
= 0 0p() - DY)

as claimed.
Now we assume p # 2 and prove the formula for W (s, @g ). The assumption
p # 2 implies f = 1. Recall

win(b) = n(=b"Hym(b Hn_(b7").
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It follows that

Y(bOs () - BYw) ifhe 05
¢§(W_1”(b)) = ®g(w_l)|b|_“' if ord, (b) > —c¢
0 if ord, (b) < —c,

and thus, setting a() = o — Q (),

Wals. @f) = /F @} (w™'n (b)Y (—ab) db

)

= ) [ehar(@) (@) + Y / b

O<n<c Z
= @) [char(07) (@())

+ 3" (@) [ehar(x" 0) (@()) — g~ 'char(x"~ ) (@(w)] |

O<n<c

Since p ¢ Og, ord;(Qp(n)) < c.If c(a, u) = ord, (ax(u)) < c then

Wols, @) = dgv (1= X) D (¢X)".

0<n=<c(a.p)
If ¢c(a, ) > c then

W (s, @g)

Sy~ > @)+ (qX)".

0<n<c

Notice that ¢(e, 1) > ¢ implies y(¢f™') = 1. Indeed, write & = pom,;' with
Mo € 0. Then c(a, u) > c implies

poph = ep™ mod 707,

and y(aB~") = 1 follows. O






Chapter 5
The Main Results

This chapter contains our main results. In Sect. 5.1 we relate the 0-dimension stack
CMy (@) to the a™-Fourier coefficient of the central derivative of an incoherent
Hilbert modular Eisenstein series. Here « is a totally positive element of F¥. The
proof of this result is contained in Sect.5.2, with the exception of certain local
calculations (which are, in fact, the technical core of the proof) postponed until
Chap. 6.

In Sect. 5.3 we first reformulate the results of Sect. 5.1 in terms of the arithmetic
cycle classes Z(a, v) of the introduction, still for o >> 0. We then construct Green
functions for the Hirzebruch—Zagier divisors. The study of such Green functions
motivates the definition of the arithmetic cycle classes Z(a, v) for a % 0.

Finally, in Sect.5.4 the intersection of the cycles T(m,v) and CMs on M is
computed, and compared to the m™ Fourier coefficient of the Hilbert modular
Eisenstein series, after pulling back the derivative to a classical non-holomorphic
modular form on the complex upper half-plane.

Throughout Chap. 5 we take ¢ = 0 and fix a CM type X' of E. Let X5 denote
the set of isomorphism classes of &'r-polarized CM modules with CM type X, as
defined in Sect.2.3. As always, s C C denotes the maximal order in the reflex
field of X. For a prime q of U’ let IF; be the residue field of q and let Nm(q) be the
cardinality of IF,.

5.1 Degrees of Zero Cycles

For a totally positive @ € (F*)*, recall the algebraic stack CMs () of dimension
zero defined in Sect.3.3, and the finite set Sppt(c) of places of QQ defined by
(3.7). The assumption that « is totally positive implies that co ¢ Sppt(«), and so
Sppt(e) consists of an odd number of finite primes of Q. If #Sppt(e) > 1 then
Proposition 3.3.8 implies that CMy () is empty. If Sppt(ee) = {p} then CMy ()
is supported in characteristic p by Proposition 3.3.8, and has dimension 0 by

B. Howard and T. Yang, Intersections of Hirzebruch—Zagier Divisors and CM Cycles, 65
Lecture Notes in Mathematics 2041, DOI 10.1007/978-3-642-23979-3_5,
© Springer-Verlag Berlin Heidelberg 2012
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Proposition 3.3.9. For a prime ¢ of O’y define

length(ﬁé;‘,[ )
deg, CMx (@) = — = sl
gq CMz(@) 2 #AUL(z)
z€CMy (@) (FY)
where ﬁékr]a;(a),z is the strictly Henselian local ring at z (i.e. the local ring for the

étale topology), and the automorphism group Aut(z) is computed in the category
CMsx (oz)(]FZlg). Summing over all primes q of Oy, define the arithmetic degree

deg Mz (o) = ) " log(Nm(q)) - deg, CMx (@).
q

From what we have said, if Sppt(e) = {p} then only those q above p contribute to
the sum.

On the automorphic side, for each T € Xy, we have defined in Sect.4.5 an
incoherent Eisenstein series

E(t,s,T) = Z Eqy(7,5,T)

a€F!

(t =u+iv € Hpr). Summing over all T we obtain a nonholomorphic weight one
Hilbert modular Eisenstein series

E(t,5, %) = Z Ey(z,s,T)

TeXy

whose derivative at s = 0 has a Fourier expansion
E'(z,0,%) = Z cx(a,v)-q°,
acF!

where the coefficient cx (o, v) satisfies

cx(a,v) g% = Z E!(7,0,T).
TeXy

In the next section we will prove the following theorem, an example of an
arithmetic Siegel-Weil formula [28].

Theorem 5.1.1 Suppose o € (F*)* is totally positive, and that Sppt(a) = {p} for
some prime p satisfying both conditions of Hypothesis B. Then

— 1
deg CMx(a) = W ccx(o,v) (5.1
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where (as always) W is the number of roots of unity in E. Note in particular that
the right hand side is independent of v.

As a complement to the theorem, we also have the following easy proposition.

Proposition 5.1.2 Suppose a € (F¥)* is totally positive, and that #Sppt(a) > 1.
Then both sides of (5.1) are equal to 0.

Proof. This is clear from Proposition 3.3.8 and Corollary 4.5.3. O

5.2 Proof of Theorem 5.1.1

Throughout Sect. 5.2 we fix a CM type X of E and a totally positive @ € (F%)*
satisfying Sppt(«) = {p} for a prime p satisfying both conditions of Hypothesis B.
Let q be a prime of Oy above p. The kernel of

O 2z, Os — Os/q

is a prime of £ which we denote by gF, the pullback of q by ¢ . Let p* be the prime
of F¥ below g, and fix embeddings

Qt—>C Q't—Qie (5.2)

These choices allow us to view s as a subfield of Q;lg , and we assume that (5.2) are
chosen so that the induced p-adic absolute value on Oy, agrees with that determined
by g. Let C, be the metric completion of the algebraic closure of Q‘},lg andlet Oc, C
C,, be the valuation ring. We denote by leg the residue field of O¢,, with its Ox-
algebra structure determined by the inclusion Oy C O, .

Remark 3.2.7 establishes a bijection X5 — CMx (C), denoted T — A(T). By the
theory of complex multiplication A(T) has a model over Q2 with everywhere good
reduction. Using the fixed embedding Q& — Q?,lg we may reduce A(T) modulo
p to obtain an Or-polarized CM abelian surface A(T) over IFZlg. The construction
T — A(T) defines a C (E)-equivariant function

Xy — cMz(F3®), (5.3)

which is a bijection by [20, Theorem 2.2.1].

Proposition 5.2.1 If p? is nonsplit in E* then every point of CMx (leg) is supersin-
gular:. If p* is split in E® then CMx (Fglg) contains no supersingular points.

Proof. This will be proved in Sect. 6.1. Indeed, by the bijectivity of (5.3) any A €
CMy (]F:lg) has the form A = A(T) for some T € X5, and so we are in the situation
considered in Chap. 6. By Proposition 6.1.1, A is supersingular if and only if p? is
nonsplitin E*. O
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Proposition 3.3.7 implies that every (A, j) € CMy (a)(Fglg) is supersingular.
Therefore, by Proposition 5.2.1,

phsplitin EF = CMy(a)(F2%) = 0.

Proposition 5.2.2 Assume p is nonsplitin E¥. FixaT € X5, and set A = A(T).

1. For every prime £ } poo there is an Eg-linear isomorphism of F[ﬁ-quadmtic
spaces

(Ve(1), 07) = (Ve(A). 0})
taking L¢(T) isomorphically to Ly(A).
2. The archimedean place w = ooy of F* determined by the reflex map
¢s : E¥ — C is the unique archimedean place for which

V(D). 07) # (Vi(A). 0F).

3. The prime p = p* of F" is the unique prime of F* above p for which
(Vo(1). 0F) # (Vo(A). Q).

Proof. This will be proved in Chap. 6. See Proposition 6.2.4. O

Assume p' is nonsplit in EF, fix a Te Xy, and set A=1~&(T). Recalling
that we assume Sppt(e) = {p}, the set Diff(c, T) appearing in Lemma 4.5.2
contains a unique prime above p. If p* € Diff(c, T) then « is not represented by
(Vo (T), Qﬁ-), and the final claim of Proposition 5.2.2 implies that « is represented
by (Vi:(A), Qi). If there is another prime p # p* above p then (Vo (T), Q%)
represents « (as p ¢ Diff(«, T)), and the final claim Proposition 5.2.2 implies that
« is also represented by (V,(A), Qg) On the other hand, if p* ¢ Diff(a, T) then
(Vo (T), Qﬁ.) represents o, and so (Vy:(A), Qi) does not. In summary, we have
proved

(Vo(A). Qg) represents @ <= p* € Diff(cr, T). (5.4)

Label the elements of our chosen CM type X' = {m3, 714}, and set 71 (x) = m3(X)
and mp(x) = m4(X). Viewing each 7; as a map £ — Q?Dlg, all four take values in
the subfield E,, defined in the introduction. The Galois group Gal(E,/Q,) acts on
the set {71, 72, 713, 714} through rigid motions of the square

3 T2

T4 T3
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and an exercise in Galois theory shows (see Proposition 6.1.1) that p* is nonsplit
in E* if and only if the subgroup Gal(E,/Q,) C Ds contains an element that
interchanges the top and bottom edges. As we assume that [E, : Q,] < 4, there are
five cases to consider:

* Quadratic case I: Gal(E,/Q),) is generated by rotation by 180°,

* Quadratic case II: Gal(E,/Q),) is generated by reflection across the horizontal
axis,

* Cyclic quartic case: Gal(E,/Q),) is cyclic of order four,

* Klein four case I: Gal(E,/Q),) is generated by the horizontal and vertical
reflections,

* Klein four case II: Gal(E,/Q,) is generated by the diagonal reflections.

The following fundamental result, whose case-by-case proof will occupy the bulk
of Sect. 6, is a technical exercise in Grothendieck—Messing theory (or Zink’s theory
of displays).

Proposition 5.2.3 Assume p* is nonsplit in E¥, and define

ord,: () + ordy: (Dpr) + 1 ' 1 ifptisinert in E*
2 2 ifptis ramified in E*

Vi () =

where Dy is the different of F*/Q. The strictly Henselian local ring of every
geometric point 7 € CMy (oz)(IFZlg) has length

length(ﬁg\]ﬁx(w,z) = l)pn(a).
In particular the length does not depend on z.

Proof. This will be proved in Chap.6. If z corresponds to the pair (A, j), the
completed strictly Henselian local ring of CMy («) at z pro-represents the formal
deformation functor Defx (A, j) defined in Sect.6.2. Using Corollary 6.2.2, this
formal deformation functor is computed, in the five cases listed above, in Proposi-
tions 6.4.1, 6.5.1,6.6.1, 6.7.1, and 6.8.1, respectively. O

Remark 5.2.4 If the hypothesis [E, : Q,] < 4 were dropped, we would be left to
treat a sixth case: Gal(E,/Q,) = Ds. There is no obvious reason why the methods
used to prove Proposition 5.2.3 cannot be extended to treat this case as well, but the
technical details involved seem quite formidable.

Fix a T € Xy and abbreviate A = A(T).

Proposition 5.2.5 Assume p* € Diff(«, T), a hypothesis which implies both that p*
is nonsplit in E* and that We.p(0,T) = 0.



70 5 The Main Results

1. If L ,(A) represents o then W, ,(0,A) # 0 and

W, ,(0,T) _ _vpn(()l) .
We »(0,A) 2

log(Nm(q)).

2. If L ,(A) does not represent o then Wy, ,(0, A) and Wy (0, T) are both 0.

Proof. This will be proved case-by-case in Chap. 6. See Propositions 6.4.4, 6.5.4,
6.6.4,6.7.4, and 6.8.4. O

By combining the information above, we can express deg, CMy (o) in terms
of central derivatives of incoherent Eisenstein series. Proposition 4.4.1 and the
bijectivity of (5.3) imply

1 o 1 o
Z #Aut(z) = Z Z #Aut(A) 4

2€CMs (o) (FA%) TeXs jneL(A)
QA(j)=Ol

1 1 .
= #Co(E) 2 2 X HAnA®Z)

TeXyx ZeCy(E) jEL(ARZ)
0zl =

1
2Wg

Z Eq(7,0,A).

TeXy

If p* ¢ Diff(a, T), then (5.4) implies E, (7,0, A) = 0, and so the final sum may be
restricted to those T for which p* € Diff(e, T). Applying Proposition 5.2.3 results
in

w  Vpr(@)
deg, CMs(a) - ¢ =§TE- Y Eu(r.0.A). (5.5)
TeXy

p! eDiff(e,T)

By the first claim of Proposition 5.2.2, for every rational prime £ # p there is an
isomorphism V;(A) = V;(T) respecting the F, f—quadratic forms and respecting the
Zy-lattices. It follows that
Wl)l,[ (S, A) = WOK,K (S, T)
for all £ # p (including now £ = co). Thus (4.2) implies
W p(s,A) - Eq(1,5,T) = Wy (s, T) - Eo(z,5,A),
and Proposition 5.2.5 implies

_ 2(00 1og(Nm(q)) - Eu(7,0,A) = E (1,0, T). (5.6)
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Combining (5.5) and (5.6) shows that

1

deg, CM (@) logNm(q) -¢" === > E(r.0.D. (57
£ rexy
pfeDiff(e,T)

To complete the proof of (5.1), it only remains to sum over all q.

Proof (of Theorem 5.1.1). Assume, as we have been, that o € (F%)* is totally
positive, and that Sppt(a) ={p} for a prime p satisfying both conditions of
Hypothesis B. By Proposition 3.3.8, CMx(«) is supported in characteristic p, and
so (5.7) implies

— 1
deg CMx (@) - ¢* = W Z Z E!(7,0,T)
Eqlp  Texs
pleDiff(a,T)

where the outer sum is over all primes q | p of Ox.
Suppose first that we are either in case (cyclic) or (nongal), so E¥ is a quartic
field and ¢5 : E? — Ey is an isomorphism. Thus

— 1
deg CMx (@) - ¢* = A Z Z E!(7,0,T)
Tex
alp peDif@.T)

where the outer sum is now over the primes q | p of E*, and p is the prime of
F* below q. By Lemma 4.5.2 the set Diff(cr, T) contains a unique prime p of F*
above p, and that prime must be nonsplit in E*. The double sum on the right now
simplifies to

— 1
deg CMy () - ¢% = —— Z#{q above p} Z E!(7,0,T)
Wg
plp TeXs
peDiff(a,T)

-1
=— Y E/(.0.T)
We 1oy

as desired.

Now suppose we are in case (biquad), so that F* 2 Q x Q. Label the orthogonal
idempotents €1, e, € F"in such a way that ¢5 : E? — Eyx satisfies ¢x(e2) = 0.
Let p; and p, be the two primes of F¥ above p, labeled so that p; is the preimage of
pZunder €;- : Opy — Z. The map ¢y : E' - Ex identifies ¢, E? =~ Ex, and so
for any prime q of s we have p* = p;. We now deduce

— 1
deg CMy () -¢* = A Z Z E!(7,0,7)
E qilpr TeXs
p1 €Diff(a,T)
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where the outer sum is over primes q; | p; of €; E¥. The inner sum is empty unless
p1 is nonsplit in €; E¥, and so

_ 1
deg CMx () - ¢% = 9 Z E/(z,0,T).

TeXy
p1 €Diff(,T)

As Diff(«, T) contains exactly one of p; or p, by Lemma 4.5.2, it now suffices to
prove that p, € Diff(«, T) implies E/,(z,0, T) = 0.

Consider the Q-quadratic spaces Vi(T) = €, V(T) and V,5(T) = & V(T) with
their (Q-valued) quadratic forms Qpr. Proposition 2.3.5 asserts that 1/(T) has
signature (0, 2), while V>(T) has signature (2, 0), and the incoherent quadratic space
% (T) defined in Sect. 4.5 satisfies €% (T) = V,(T). As we assume p, € Diff(«, T),
V> (T) does not represent e, at p. As the set of rational places at which e« is not
represented has even cardinality, and as V,(T) does represent e« at the archimedean
place, there is a rational prime £ # p at which V»(T) does not represent e,. This
implies that ¢'(T) fails to represent « both at p and ¢, and so both W, ,(s, T) and
Wa.e (s, T) vanish at s = 0 by (4.8). Thus E,(z, s, T) vanishes at s = 0 to at least
order 2, completing the proof. O

5.3 Classes in CH! (CMy) and Green Functions

We now reformulate Theorem 5.1.1 in terms of the arithmetic Chow group
CH' (CMy) of Gillet—Soulé [13]. See also [12,34,55], which deal with Chow groups
of stacks. Once this is done we will formulate and prove a version of Theorem 5.1.1
for all € (F*), not just for the totally positive .

For each embedding ¢ : s — C, let CM; be the stack over C obtained from
CMy by base change. Complex conjugation induces a canonical isomorphism

Foo 1 CM5. = CMY.

An arithmetic divisor on CMy is defined to be a pair (Z,G) where Z is a Weil
divisor on CMy with rational coefficients, and G is Green function for Z. As Z has
no complex points, G is simply a real-valued Foo-invariant function on

|| oMs©). (5.8)

1:0x—>C

A principal arithmetic divisor is an arithmetic divisor of the form (div(f),
—log|f|?) for f a rational function on CMy, and the arithmetic Chow group
CH' (CMy) is the group of arithmetic divisors modulo principal arithmetic divisors.
There a natural linear functional, the arithmetic degree,
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deg : CH'(cMy) — R.

To define this linear functional it suffices to treat the case

1

deg(2,0) = Z log(Nm(q)) Z #Aut(z)

qC0Os ZEZ(]P«;IE)

where Z is a prime Weil divisor, and the case

e B G(P)
deg(O,G)—E Z Z #Aut(P)

165—>C Pec, (C)

where Z = 0. Here Aut(z) is the automorphism group of zin CMy, (leg ), and Aut(P)
is defined similarly.

For each o € F>? the forgetful morphism ¢ : CMy (a) — CMy allows us to view
CMy («) as a Weil divisor Zy () on CMy. To define this divisor more precisely, we
describe its pullback to any étale cover CMy. — CMy, with CM. a scheme. If we set
CMY.(a) = CMx (o) Xcuy CMf, then the pullback of Zx (o) to CMf is

Zo(@) = Y k@) :k(@@)]-length(Cay, ) - $(2).

ZECM’, ()

Now define .
Zs(a) = (Zx(),0) € CH'(CMy).

For the sake of conformity with notation to be introduced momentarily, we define
Zs(a,v) = Z3(a)

for any v € (Fﬂg)»o. The following theorem is simply a restatement of Theo-
rem 5.1.1 and Proposition 5.1.2.

Theorem 5.3.1 Suppose o € (F*)* is totally positive. If Sppt(a) = {p} for some
prime p satisfying both conditions of Hypothesis B, then

— 1
deg Zy(a,v) = W ~ex(a,v) (5.9)

forany v € (Fﬂg)»o. If instead #Sppt(«) > 1, then both sides of (5.9) are 0.

Next we formulate a version of (5.9) that holds for @ € (F*)* with a 3 0.
In this case the arithmetic divisor Zx (c, v) will be “supported at co” in the sense
that the underlying divisor Z is the zero divisor. Thus, we only need to define the
appropriate function G(-) = G(«, v, -) on (5.8). To understand the correct definition,
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given by (5.12) below, we must first make a lengthly digression on the structure of
the complex fiber M(C).

Let S = (S,xs,As5) be an Op-polarized RM module (it is unique up to
isomorphism, by Proposition 2.2.2), and let Ag be the F-symplectic form on Sg
determined by Ag = Trp/g o Ag. Let

G = ResF/QSp(SQ, As)
be the associated symplectic group, and set
I'={yeGQ:y-S=S5}

A cusp of S is a maximal Q-rational parabolic subgroup of G qu:. Every cusp of
S is the stabilizer of an F-line in Sg, and the intersection of such a line with S is
a rank one O'p-direct summand a C S. This establishes a I"-equivariant bijection
between the set of cusps of S and the set of all such a C §. In particular, to any cusp
(which we now fix) we may attach a short exact sequence of projective &'r-modules

0—-a—->S—->b—0.

Fix a splitting S = a @ b and an F-basis ej,e; € Sg with e; € ag, ex € bg,
and Ag(e;,e;) = 1. These choices identity Sg = F x F (column vectors), and
identify a and b with fractional Or-ideals in such a way that ab = D7'. They
also identify G = Resr/gSL; in such a way that the chosen cusp is identified with
the subgroup of upper triangular matrices (the “cusp at infinity”’). As in the proof
of Proposition 2.2.2, every j € V(S) is now of the form js = J - s° for some
J € My(F), and j + J defines an isomorphism of quadratic spaces

(V(8), Os) = (Wi, det).

The action of G(Q) on V(S) defined by g @ j = g o j o g~' becomes the action
geJ =g-J (g% " of SLa(F) on Wi (q).

A complex structure on Sg is an h € G(R) satisfying h> = —1, and such that
the symmetric bilinear form Ag(hsy, s3) on Sk is positive definite. The set ® of all
complex structures carries a natural transitive G(R) action y * h = yhy ™!, and the
stabilizer of any point is a maximal compact open subgroup. We can make © into
a complex manifold by constructing explicit coordinates. Let F]R>>0 C Fg be the
subset of totally positive elements, and define a subset H C Fg by

Hrp=Fp+i-F°
A choice of isomorphism (which we do not make) Fr = R x R identifies ) with

the product of two copies of the upper half complex plane. Given any z = x + iy €
$r define
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12 =172
gz=(y g )eG(R)

and

h(z)zgz'(l )~g;le©.

The function z — h(z) establishes a bijection Hr = D.

We now construct complex uniformizations of M(C) and T(m)(C). Every h € ©
makes S into a C-vector space in an obvious way (i- = h), and so defines a complex
torus AL(C) = Sg/S equipped with an action of & deduced from kg, and an
O'r-polarization deduced from Ag. Thus to each point h € © we may associate
an Op-polarized RM abelian surface Ay, = (An, k4,,A4,), and the construction
h +— Ay determines an isomorphism of complex orbifolds (for orbifolds see [11,
Appendix B] and the references therein)

[F\®] = M(C).
For eachh € © set
Va={j €V(S)r:hoj=—joh}.
Given j € V}, and x € S, both nonzero, the calculation
0 < As(hjx, jx) = —As(jhx, jx) = —0s(j)As (hx.x)

shows that Qg(j) < 0. Thus the subspace V4, is negative definite, and the same
argument shows that its orthogonal complement

Vil={jeV@®)g:hoj=joh}

is positive definite. We know from Proposition 2.2.2 that V(S)g has signature (2, 2),
and therefore V4, and VhJ- have signatures (0, 2) and (2, 0), respectively. Note that
VhJ- is the space of special endomorphisms that are complex linear for the complex
structure h on Sg. For each j € V(S)g define

D(j)=theD:je V]

so that for each h € ©(j) the complex analytic map j : Sg — Sgr determines
a special endomorphism of Ay. As above there is an isomorphism of complex
orbifolds
[ L 20)] = ).
JEL(S)
Os(j)=m

defined by sending a point h € ©(j) to the pair (Ay, j).
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If jn, denotes the orthogonal projection of j to Vj, then

R(j,h) = =0s(jn)

is a smooth nonnegative function on ® whose zero locus is D (j). We can use the
isomorphism $)F = ® to give an explicit formula for R(j,h). Fix a§ € F such
that 6 = dr. The negative 2-plane V, = Vi, in Wy, () ®qg R is spanned by the

orthogonal vectors
8z = o
—6 Vyye\o -y

8 ) x yy® —xx°
8:® .
S Jyye \1 —x°

If j € V(S) corresponds to

a &b
J = (50 ag) (S} WMz(Q)

then direct calculation shows that the function R(j,h) on © is identified with the

function
|dpczz® + 8a°z — 8az® — dpb|?

ddpyy°®

on $r. In particular, the holomorphic function

R(j.2) =

A(j,z) =dpcz® +8a°z— 8az’ — dpb

has divisor ®(j) C ©.

Next we construct a Green function for the divisor T(m), following ideas of
Kudla [26] and Bruinier [3]. The exponential integral 8 : R>% — R of[34, (3.5.2)],
defined by

o0
B1(r) =/ e "u "l du,
1

has a logarithmic singularity at r = 0, in the sense that B(r) + log(r) can be
extended smoothly to R. Furthermore 8,(r) = O(e™") as r — oo. For each j €
V(S) and positive parameter v € R, define a function

Gr(j,v.h) = Bi1(4nvR(j, h))

on D ~D(j). If A(j,h) is any holomorphic function on ® with divisor ©(j), the
calculation of the preceding paragraph shows that

Gr(j,v,h) + log |A(j, h)[?
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extends to a smooth function on all of ®. Thus Gr(j, v, h) is a Green function for
the divisor D (), in the sense of [13,51]. For any nonzero m € Z the sum (see [3,
Sect. 3] for the proof of convergence)

Gr(m,v,h) = Z Gr(j,v,h)
JEL(S)
Os(j)=m

is I'-invariant, and defines a Green function for the orbifold divisor

[ L 25— e
JEL(S)
Os(j)=m

In other words, Gr(m, v, h) is a Green function for the Hirzebruch—Zagier divisor
T(m) on M. In particular, if m < 0 then Gr(m, v, h) is a smooth function on M. This
can also be seen directly from the definition of Gr(j,v,h): if Qg(j) < O then j
cannot be orthogonal to any negative 2-plane, and so R(j,h) # 0 for every h € D.
Fix a CM type ¥ of E. We will now evaluate Gr(m, v, h) on the 0-cycle CMx (C).
Let X 5 be the set of isomorphisms classes of &'r-polarized CM modules of CM type
Y, asin Sect.2.3. As S is unique up to isomorphism, to each T € Xz we may attach
a I"-orbit of isomorphisms T = S of &'p-polarized RM modules. The CM type ¥
determines an isomorphism Er =~ C x C, and so makes T = Sk into a complex
vector space. Thus each T € Xy determines a I -orbit of complex structures on S,
which we denote by ©1 C ©. In this way we obtain an orbifold presentation

| | [r\®1] = cms(C).

TeXy

The action of I" on ® is transitive, and the orbifold on the left is a finite set of
points indexed by X 5, each with stabilizer u(E).

Foreach T € Xy we now fix an isomorphism T = S of underlying &'r-polarized
RM modules. This singles out a representative ht € ®r. Suppose j € L(T) and
set o = QPF( j). Letet,e™ € Fﬂg be the orthogonal idempotents inducing the

splitting Fﬂg =~ R x R, labeled so that ¢ corresponds to the archimedean place
oo§ of Proposition 2.3.5. Scalar multiplication by complex numbers (in particular
by i = hy) commutes with the action of Er on TR, and so the involution j >
ho j o h™' commutes with the EF-module structure on V(T). In particular, the
decomposition

V(T)r = €™ V(Dr ® € V(T)r

is stable under the involution j > h o j o h™!. By Proposition 2.3.5 the summand
€~ V(T)r is a negative 2-plane, and it follows easily that V4, = €~ V(T)r. From
this we deduce jn, = €~ j, and

R(j.hy) = —01(™j) = —€ 05(j) = |eloos -
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By Remark 3.2.7 there is a canonical bijection Xy — CMyx(C), and we at
last compute, at least formally, as CMx(C) may contain points lying along the
singularities of Gr(m, v, -),

Z Gr(m,v, P) _ Z Gr(m, v, hy)

#Aut(P) Wi

PecMy (C) TeXy

Z Z B1(4mvR(j, hr))

14
TeXs jeL(T) £

Or(j)=m

Z Brldnivalos) 3o Y 5o (510)

TeXs jeLm
Trfﬁ/@(“) m 0k (j)=a

This is our provisional formula for the Green function Gr(m,v,-) evaluated at
CMy (C), and should be viewed as an archimedean counterpart to the stack-theoretic
decomposition (3.4). Note that as Qpr is positive definite at oo; and negative definite
at ooy, by Proposition 2.3.5, the only « that contribute to the sum are those of mixed
sign: nonnegative at oo; and nonpositive at o0%;.

In all of the above calculations, we have viewed C as an Ox-algebra using the
inclusion Ex C C. Now let: : Ex — C be an arbitrary embedding, and extend ¢ to
a field automorphism of C. This extension allows to define the Galois conjugate CM
type X', which one may check is independent of the choice of extension. Recall that
we defined CM; to be the stack over C obtained from CMy by base change through
t : Oy — C. Let C* denote the complex numbers, viewed as an O'y-algebra via
t 1 Ex — C, so that there is a tautological equivalence of categories CM; (C) =
CMy (C"). An object of the category CMyx (C') is Op-polarized CM abehan surface
A over C such that the characteristic polynomial of any x € O acting on Lie(A)
is equal to the image of cx ,(T') under ¢ : Ox[T] — C[T]. But of course this is the
same as the image of ¢y (7") under the inclusion &x[T] — C[T]. In other words,
the functor A — A is an equivalence of categories CMy (C') — CMy:(C), and we
have constructed a canonical equivalence

CMlE (C) = cM5 (C).

For any nonzero m € Z and v € R>? the value of Gr(m, v) at CMy is defined to
be

Gr(m,v, P
Gr(m.v.CMg) = > > #(Aut(P)) (5.11)
Lt Pecvy(C)

where the sum is over all embeddings ¢ : Ex — C. It is clear from (5.10) and the
discussion above that
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Gr(m,v,CM;)zZ Z ,31(47T|V05|002L)Z Z

L aeFfapo0 TeX 5 JEL(T)
TrFﬁ/Q(”‘)_m QT(J) =a

We allow the possibility that both sides are infinite; this can only happen if F* is not
a field, so that the right hand side includes a term with |ot[oo, = 0.
At last we may define the promised function G(«, v, -) on (5.8).

Definition 5.3.2 Suppose a € (F¥)* is not totally positive, and that v € (an)>>0.
To each point P € CMY.(C) the bijections

CM5(C) = CM5:(C) == X5,

associate an O -polarized CM module T, and we define

G, v. P) = Bi(4nlveleor,) Y. 1. (5.12)
JEL(T)
05 ()=«
The arithmetic divisor

Zs(a,v) = (0,G(ee, v, -)) € CH' (CMy)

has, by construction and by Lemma 3.2.4, degree

degZr(@.v) = ) Pilnlvelos) D5 D 5o (5.13)
10s—>C TeX st /GL(T)
QT(]) =

In particular, for v € R>° and nonzero m € Z we have

1 —
5 Gr(m, v, CMz) = > degZx(a.v). (5.14)

a€F a0
TrFu/@(oz)=m

at least in cases (cyclic) and (nongal), so that the sum contains only a € (F%)*.

Lemma 5.3.3 Fix t € 71, T € X5, and a € (F¥)*. If o is positive at oo} and
negative at oo, then

Bi(4r|valsos) Z Z L'q"‘ =~w- Z E!(z,0,T).

TeXs ]EL(T) We TeXs
QT(J) =«

Otherwise the left hand side is equal to 0.
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Proof. The final claim is clear from Proposition 2.3.5, so we may assume that « is
positive at oo}' and negative at ooy.. If x € F* (or Fﬂg) let x4 be the image of x in
the completion of F* at oof, and identify this completion with R. The hypotheses
on the sign of « imply that coy. belongs to the set Diff(c, T) defined in Chap. 4.
Recall from Sect. 4.5 that we have attached two Eisenstein series to T. The first is
the incoherent Eisenstein series E(t, s, T) constructed from %’(T), and the second
is the coherent Eisenstein series E(t, s, V(T)) constructed from the adelization of
V(T). These two A z;-quadratic spaces are isomorphic at every place of F* except
00y, and it follows from the constructions that

Waor(g,5.T) = Wou(g, 5. V(T))
for every place v # ooy.. Therefore

Ey(t,s,T) Wy r(z-,s, CDHIR)

Eo(T.s,V(T) Wy r(t_,s,dz5")’

ie.,

W()(_,R(T—v S, ¢ﬂl{)

E,(t,s,T) =
(¥, 5.T) We_ r(t—,s, &z

Eqo(z,s, V(T)).

The assumption a— < 0 implies W,_ r(7—,0, ®%) = 0. Differentiating both sides
at s = 0 and applying [33, Proposition 2.6] shows that

1
E/(,0,T) = —F,Bl(4n|va|oof Ye V== E (7,0, V(T)). (5.15)

The lemma now follows by combining (5.15) with Proposition 4.5.4. O

Theorem 5.3.4 If a € (F*)* is not totally positive, and v € (Fﬂg)»o, then
deg 2 (o, v) = ——1 (o, v)
e a, -ex(a,v).
V> we €T

Proof. First suppose we are either in case (cyclic) or (nongal). This implies that E'5
is a quartic CM field. As ¢ varies over the four embeddings s, — C, X" varies over
the four CM types of E. Thus we may rewrite (5.13) as

deg Zx(a,v) = Z ,31(47t|va|005k) Z Z ﬁ,

I<k<4 TeXy, jeEL(T)
05 (j)=a

where &,...,24 are the four CM types of E, labeled so that ¥y =X and
Y, = X. Returning to Sect.2.4, define an element Z = (Og,—1) € C(E). If
T = (T,kr,Ar) is a polarized CM-module, then T ® Z = (T,«r,—Ar), and
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T — T ® Z defines bijections X5, — Xy, and X5, — Xx,. There is an
isomorphism of F*#-quadratic spaces

(V(T), 05) = V(T ® Z), Qhgy)

identifying L(T) = L(T ® Z), and it follows from the construction of E(z, s, T)
that E(z,s,T) = E(t,s,T ® Z). Thus

deg2x(@v)= Y. Pildnlvaloz) 3 ) WLE

kefl.3} TeXs, jeEL(T)
0h(j)=a

Let o+ € R be the image of « in the completion of F! at oof. Lemma 5.3.3,

together with the observation oofl = 00;3, implies

ZTexxl E!/(,0,T) ifay >0anda_ <0
ZTGXES E!/(z,0,T) ifay <Oanda_ >0

0 ifaoy <Oanda— <O.

G0z Bx(eav) - = ——
egzx(a,v)-q W,

Now choose Z € C(E) as in Proposition 2.4.3. After possibly interchanging X5 and
Y4, T — T®Z defines bijections X5, — X, and X5, — X5,, and it follows from
the constructions of Chap. 4 that E(z,s, T) = E(z,s, T ® Z). From this discussion

it is clear that the sum
> E(r.s.T)
TEXEk

is in fact independent of k. Thus

=7 (@.v) 1 Jcex(a,v) ifaisnot totally negative
eg Zx(a,v) = ——
We [0 if o is totally negative

But if o is totally negative then Diff(cr, T) contains both archimedean places of F*,
and it follows that E(z, s, T) vanishes to at least order 2 at s = 0, as (4.7) implies
that the local Whittaker function vanishes at s = 0 for both archimedean places.
Thus @ < 0 implies c¢x (o, v) = 0, and we are done.

Now assume we are in case (biquad). This implies that Ex is a quadratic
imaginary field. As ¢ varies over the two embeddings 0y — C, X* varies over
the two CM types X and X of E. By the argument of the previous paragraph, the

sum
> E(r.s.T)

TeX
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is unchanged if X is replaced by X, and so (5.13) implies

— 1
deg Zx(a,v) = Bi(4r|velsos) Z Z W
Texs jeL(T) = F
0i(j)=a

Label the orthogonal idempotents € ™,e~ € FF =~ Q x Q in such a way that
¢s(et) = 0. Thus ¢ : E¥ — Eyx identifies e E! = Ex. As the notation
suggests, if we set o = exa € Q then |ax| = |a|oo:£t' Using Lemma 5.3.3
we obtain

d/e\g,z\z(a V) g% = R > rexs Eo(7,0,T) ifay >0anda— <0
' We [0 otherwise.

If « is totally negative then, as in the previous paragraph, E/(7,0,T) = 0 for
every T € Xx. If oy < 0 and o~ > 0O then the argument is similar to that used at
the end of the proof of Theorem 5.1.1. As the incoherent quadratic space €' (T) was
obtained from V(T) by interchanging invariants at coy., € *4'(T) is isomorphic to
the adelization of €™ V(T) as quadratic spaces over the adele ring A. In particular
et % (T) is a coherent quadratic space. As this quadratic space does not represent
a at the archimedean place, there is some finite place £ of Q such that e ™% (T)
does not represent a™ locally at £. Thus €’(T) fails to represent  locally at co and
at £. As in the proof of Theorem 5.1.1, this implies that E/ (t,0, T) = 0 for every
T € X5. It follows that

— 1
deg Zx(a,v) - q* = — Z E!(7,0,7T),
TeXy

completing the proof of the theorem. O

The proof of Theorem 5.3.4 has the following corollary, which should really be
viewed as a corollary of Proposition 2.4.3.

Corollary 5.3.5 In cases (cyclic) and (nongal) the Eisenstein series E(t,s, X) is
independent of X.

5.4 Arithmetic Intersections

In this section we assume that we are either in case (cyclic) or (nongal), and that
Hypothesis B holds for every rational prime p. On the arithmetic threefold M, we
wish to compare the arithmetic intersection multiplicity of the divisor T(m) and the
codimension two cycle CMy with the Fourier coefficients of the derivative of an
Eisenstein series.
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Fix a nonzero m € Z and a positive v € R, and define, as in the introduction, an
arithmetic divisor
T(m,v) = (T(m),Gr(m,v,"))

on M. Here Gr(m, v, -) is the Green function on M for the divisor T(m) defined in
Sect. 5.3. The intersection multiplicity of T(m, v) with CMy is defined as the sum
of finite and archimedean contributions. If ¢ is a prime of s and

z € (T(m) N CMx)(FYe)

is a geometric point, define the Serre intersection multiplicity at z by

sh
(T(m) : CMy), = ZlengthﬁﬁmTorf’M’z(ﬁSh o®

T(m),z° CME.,Z,)'
£>0

On the right hand side we have shortened M, ¢, and T(m), ¢, simply to M and T(m)
to ease notation. The finite intersection multiplicity is defined by

(T(m) : CMx)pn = Zlog(Nm(q)) Z M
q

1 #Aut(z)
alg
Z&(T(m)NCMx ) (F4°)

The archimedean contribution to the intersection is defined as one-half the value
(5.11), and the fotal intersection multiplicity is

(’T\(m,v) : CMy) = (T(m) : CMx)gn + % - Gr(m,v,CMy).

Let $) be the usual complex upper half-plane, and let
iAn:H—=>HXH D

be the diagonal embedding. The pullback of E(z,s, X) to $ is a nonholomorphic
modular form of weight 2, whose central derivative has a Fourier expansion (for
T=u+iveyn)

E'ia(1),0,X) =Y bx(m.v)-q"

meZ
in which
by(m,v) = Z cx(a,v).

aEF!
Tan/@(a)=m

Theorem 5.4.1 For any nonzero m € Z and any positive v € R,

(’T\(m,v) : CME) = —WLE -bE(O{,V)



84 5 The Main Results

Proof. Recall from (3.4) that the stack
T(m) N CMx = T(I’I’l)/ﬁ)r XMy CMy.

has a decomposition

Tm)yneMy = | | cMs(@).

acF!
TrFu/@(oz)=m

As Qg is totally positive definite for any &'r-polarized CM abelian surface A, we
in fact have
TmyneMy = | | cMz(a).

a€Fh a0

Trpg /Q(a) =m
The strictly Henselian local rings of T(m) and CMy are Cohen—Macaulay by
Propositions 3.3.6 and 3.3.5, respectively, and so [49, p.111] implies that only
the £ =0 term contributes to the Serre intersection multiplicity at z. In other
words, (T(m) : CMy), is simply the length of the strictly Henselian local ring of
T(m) N CMyx at z. Hence

(T(m) : CMx)in = Z deg CMs (a).

a€F a0
Trpn/Q(a)=m

Now applying Theorem 5.1.1 and Proposition 5.1.2 shows that

(T(m) : CMy)in = _WL Z cx(a,v).

a€F?, a0
Tan/Q(a)=m

On the other hand, combining (5.14) and Theorem 5.3.4 shows that

1 1
EGr(m,v,CMg)z—WE Y exlav).

aeFla®0
Tan/Q(a)=m

completing the proof. O



Chapter 6
Local Calculations

This chapter contains the technical core of this work, and makes heavy use of the
theory of Dieudonné modules, the Grothendieck—Messing deformation theory of
p-divisible groups, and Zink’s theory of displays.

Fix a fractional Or-ideal ¢ O & and a CM type X of E. Exactly as in Sect. 5.2,
fix a prime q C O and embeddings (5.2) such that the resulting embedding Oy, —
Q3¢ lies above q. Write F5® for the residue field of Q%%, to emphasize its Oy -
algebra structure. Throughout Chap. 6 we fix a c-polarized CM module T with CM
type X. The c-polarized CM abelian surface over C (or over Q*¢ or C,) associated
to T by Remark 3.2.7 will be denoted A(T). Denote by A the reduction of A(T)
to the residue field of C,. Thus A is a c-polarized CM abelian surface over Fﬁlg
satisfying the X'-Kottwitz condition. The above choices and notation remain fixed
throughout Chap. 6.

Chapter 6 has three goals. The first is to compare the two F| g -quadratic spaces
(V], (T), Qﬁ.) and (V], (A), Qg), in order to complete the proof of Proposition 5.2.2.
The second goal is to compute the formal deformation space of the pair (A, j) for
any j € L(A), completing the proof of Proposition 5.2.3. The third goal is the
calculation of the integral structures L ,(T) C V,(T) and L,(A) C V,(A), which
lead to the proof of Proposition 5.2.5.

Let q* be the pullback of q by ¢5 : Op: — O, and let p* be the prime of F*
below . The elements of the fixed CM type are denoted ¥ = {3, 7}, and we
define

m(x) =m(X)  m(x) = m(x). (6.1)

Let Dz be the different of F?/Q, and let D s/ r: be the different of EF/FF.
If Ly C L are finite extensions of QQ, then e(L/Lo) denotes the ramification
degree of L/Ly. As p is fixed, we abbreviate [E for the subfield E, C Q‘},lg of
the introduction.

B. Howard and T. Yang, Intersections of Hirzebruch—Zagier Divisors and CM Cycles, 85
Lecture Notes in Mathematics 2041, DOI 10.1007/978-3-642-23979-3_6,
© Springer-Verlag Berlin Heidelberg 2012



86 6 Local Calculations
6.1 Extended Dieudonné Modules

The CM types of E are {m, m2}, {73, w4}, {71, 74}, and {m>, w3}, and the field

[E contains the images of the four reflex homomorphisms E* — @?,lg defined in
Sect. 2.1:

¢12(X) = ¢{ﬂ1,ﬂ2}(x) (]523()(?) = ¢{ﬂ2,ﬂ3}(x)
¢34(X) = ¢{7T3,7T4}(x) (]514()(?) = ¢{ﬂ1,ﬂ4}(x)'

The group Gal(E/Q,) acts faithfully on each of the sets Hom(E,Q;lg) and
Hom(E 1 Q?,lg), and to understand these two actions we draw the square

P12

T Y p) (6.2)

$1a $23

T4 T3

¢34

with vertices Hom(E, Q%¢) and edges Hom(E*, Q%%). The relations (6.1) imply
that Gal(E/Q,) acts through rigid motions of (6.2), and we view Gal(E/Q,) as a
subgroup of the dihedral group.

Proposition 6.1.1 The following are equivalent:

1. the c-polarized CM abelian surface A is supersingular,
2. the prime p* is nonsplit in E¥,
3. the edges ¢1» and ¢34 of (6.2) lie in the same Gal(E/Q,)-orbit.

Proof. The maps ¢i5, ¢34 : E¥ — [ are complex conjugates, and both lie above
the prime p* of F¥. The equivalence of the second and third conditions is clear from
this.

For any prime Q of E above p, let Hy C Homg(E,C,) be the subset of
maps inducing the prime 9. The proof of the Shimura-Taniyama formula (see for
example [9, Corollary 4.3]) shows that

dim(A[Q%])  #(¥ N Hq)
height(A[Q>®])  #Hgq

(6.3)

By [20, Proposition 2.1.1] the image of & « in the endomorphism ring of A[Q°°]
is its own centralizer, and it follows from the proof of [20, Proposition 2.1.1] that
A[Q°] is isoclinic: the slope sequence of its Dieudonné module is constant. The
simple (up to isogeny) Dieudonné module of slope s/ has dimension s and height ¢,
and so the unique slope of A[Q*°] is (6.3). Therefore A is supersingular if and only
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if (6.3) is equal to 1/2 for every Q. If [r] denotes the Aut(E/Q,)-orbit of a map
7 € Homg(E, E), then this result may be restated as

1 #({ms, ma} N [7])
T E— for every m € Homg(E, E) (6.4)

if and only if A is supersingular.

It only remains to check that the condition (6.4) is equivalent to the third con-
dition in the statement of the proposition: simply verify by brute force the desired
equivalence for every possible subgroup Gal(E/Q,) of the dihedral group of the
square (6.2). O

Let W = W(F%) be the Witt ring of F3%, and let x + x™ be the unique
ring automorphism of W inducing x +— x? on the residue field. There is a unique
ring homomorphism W — O, inducing the identity on the common residue field

Fglg, and this homomorphism realizes Wg = W ®z Q as the completion of the
maximal unramified extension of Q, in C,. The (covariant) Dieudonné module of
A is denoted (D, F, V), so that D is a free W-module of rank four and F and V' are
continuous group homomorphisms F, V : D — D satisfying F'V = p = VF and

WwiTF(x) = F(wx)
for every w € W. The Lie algebra of D is the Fa ®-vector space
Lie(D) = D/ VD, 6.5)

which is canonically isomorphic to the Lie algebra of A (using the isomorphism
[60, (157)]). The action k4 : O — End(A) induces an action kp : Og — End(D),
and the polarization A 4 induces an alternating W -bilinear form Ap : D x D — W
satisfying

Ap(Fx.y) = Ap(x. Vy)F,

Let #g denote the completion of the maximal unramified extension of Ein C,, a
finite extension of Wy, and let # C #4 be its valuation ring. In order to diagonalize
the action of Or on D we define

D=DQRwW o = D Qw Wg.

The action «p extends uniquely to ky : Op — Endy (2), and the pairing Ap
extends uniquely to a % -linear pairing Ay : 9 x ¥ — # . The operators F and V
induce a family of operators on &, which we now describe.

Let Fr” =~ Z be the group of field automorphisms of Wq generated by Fr. We
will say that y € Aut(#p/Q)) is algebraic if the restriction of y to Aut(Wg/Q,)
lies in FrZ, and when this is the case we define k(y) € Z by the relation

y|WQ = Frk(y)



88 6 Local Calculations

Let I' C Aut(#p/Q),) be the subgroup of algebraic elements. There are obvious
surjective homomorphisms I' — Z and I' — Gal(E/Q,), the first defined by
y > k(y) and the second by restriction. The fiber over k € Z of the first map is
denoted I"(k). The second map identifies I"(0) = Gal(#g/ Wg) with the inertia
subgroup of Gal(E/Q,). For each y € I there is a pair of operators .%, and ¥, on
2 defined by

Fy(x @w) = (F*Vx) @ ()

Hx@w) = (Vx)e w' ).
These operators commute with the action k5 and satisfy
Fy oYy, =p =9, 0.7,

One may recover D = 27'© from & as the W-submodule of elements fixed by
F, and ¥, for every y € I'(0), and then F and V agree with the restrictions to
D of %, and ¥, for any y € I'(1). The % -module Z with its family of operators
{F), 1y e '} U{Y, .y € I'} is the extended Dieudonné module of A. The pairing
Ao satisfies

Agp(Fyx,y) =Ag(x, ¥, y) forally e I’ (6.6)

and
«Z={wePDy:Ag(w,z) € ¥ forall z € Z}. (6.7)

In order to do explicit calculations, we now put coordinates on Z. Fix, once and
for all, an isomorphism of g ®z W-modules D = 0f ®7 W (see [20, Proposition
2.1.1] for the existence of such an isomorphism). Of course this identifies ¥ =~
O @z W .Letey, e, e3,es € #* be the standard basis elements (written as column
vectors). The # -linear map O ®z # — #* determined by

i (x)
v@le |20 (6.8)
m3(x)
74(x)
extends #g-linearly to an isomorphism
Dy =W, (6.9)

which we use to identify 2 with a submodule of #*. If p is unramified in E then
9 = W*, but in general the inclusion is proper. Under the identification (6.9) the
action kg : O — Endy (2) takes the form
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m1(x)
ma(x)
m3(x)
74(x)

Kgp(x) = (6.10)

The operators .%, and ¥, with y € I'(0) each act on #* as the product of a
permutation matrix with a Galois automorphism:

yom =m; = Fy(we;)) =w-ej. (6.11)
for every w € #. For a general y € I we cannot know the precise form of .7,

without explicit knowledge of the operator F from which it is derived. However, if
y om; = m; then for any x € O we have

ko (x)Fy(ei) = F,(kg(x)e;)
gzy(”i (x)ei)

= (x)". %, (e;)
=m;(x)F, (),

and it follows that .7, (e;) is a scalar multiple of e;. This shows that
yom =mn; = yj,(wei) = wyxi,j t€j (6.12)

for some x; ; € ¥ . Thus %, has the form .%, = X oy for some matrix
X € My(#g) having a unique nonzero entry in each row and each column, and
the location of the nonzero entries may be read off from the action of y on the
diagram (6.2).

It follows from Lemma 3.2.3 that

Ag(ka(t)x,y) = Aa(x, ke (t)y)

forall t € O, and so the pairing A4 has the form

P1
Ag(x,y) ="x- P21y (6.13)
—P1
—P2

for some p;, 0 € “//QX. Every special endomorphism j € V,(A) induces an
endomorphism of Zg, which is given by the action of some element of M,(#q).
The conditions j = j* and k4(x) o j = j o k4(x?) for x € OF imply that this
matrix has the form
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p2b pac
ji=1" —he € My(Wp). (6.14)
—p2d paa
prd p1b

The condition that j commutes with all operators .%, and ¥, imposes additional
relations among the matrix entries, and the condition j € L,(A) (which is
equivalent to j - 4 C &) imposes still more relations. All of these additional
relations depend on the action of I" on (6.2), and will be determined on a case-
by-case basis. Using the description (6.10) of the action of O on Zp, the action of

Eg on V,(A) defined in Sect. 3.2 takes the explicit form

p2b - p14(x) p2C - P12(x)
pia - ¢3(x) —pic - P12(x)

—p2d - P34(x) p2a - o3 (x) | (6.15)
p1d - $34(x) p1b - p14(x)

xej =

The construction of the extended Dieudonné module of A has an analogue for T.
Define
T =Tz W 9@:§®WV/Q_

The action k7 induces a # -linear action k  : O — Endy (.77), and the symplectic
form A7 extends to a # -symplectic form Ao : 7 x . — # . Foreachy € I’
there are operators .%, and 7}, on .7 defined by

Fyx@w)=x@ W)  KHxew =xew )
and satisfying .%, o ¥}, = id = ¥, o .%,. Furthermore
Ao (Fyx.y) = A (. %y) Vyel (6.16)

We may recover T from .7 as the Z,-submodule of elements fixed by .7, for every
y € I'. Fix, once and for all, an isomorphism of &g-modules T" ®z Z, = Of .
This induces an isomorphism .7 =~ Of ®z #/, and the map (6.8) then determines
a #gp-linear isomorphism 75 — W(S . Using this isomorphism we view .7 as a
submodule of #*. As submodules of #* we have 2 = .7, and the action k7 is
given by the same formula (6.10) as k. The pairing A & has the same form (6.13) as
A9, although the values of p; and p, for A » need not be the same as those for A g; it
will always be clear from context whether p; and p, refer to the pairing Ag or A &.
Every j € V,(T) induces a % -linear endomorphism of .7 of the form (6.14) which
commutes with all operators .%, and 7, and satisfies

jel,(T) < j-9CT.
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The action of E E, on V,(T) again has the explicit form (6.15). For every y € I" each
of %, and ¥, (now acting on “//6) may be written as the product of a permutation
matrix and a Galois automorphism. More precisely, (6.11) holds for every y € I"
(not just y € I'(0)).

Proposition 6.1.2 For any j € V,(A), written in the form (6.14),
e(E/FY,) - ordye (Q4 () = ordy (p12) + ordy (cd).
If there is another prime pi £ pt of F¥ above p then
e(E/F;) - ord; (Q1())) = ordy (pip) + ordy (ab).
The same statement holds with A replaced everywhere by T.
Proof. Label the orthogonal idempotents €,3, €14, €12, €34 in
E} ®q, "o =13

in such a way that (x ® 1) - ¢; = 1 ® ¢;;(x) for all x € Eg. If we identify
V»(A) ®q, #q with the space of all matrices (6.14), then (6.15) shows that

0 0 0 b 0
;| pa o 0
€23°J—( 0 pza) €40 ] = 0 0
0 0 0 o1b
0 pac 0 0 0 0
T 0 — N T
enej =" ,"" €0 ] = —pd 0 |-
0 0 pid 0

Let f : F g — Wg be the common restriction to F IE of the two maps ¢as, P12 :
Eg — W, so that f induces the prime p¥ of Fg. If we set € = €] + €34 and extend
Jf toamap F‘g ®q, #o — g, then

FOL()) = f(€0h()) = f(Qale))) = pipacd.

Therefore
ordy (f(Q4()))) = ordy (p1p2) + ordy (cd).

This proves the first claim, and the proof of the remaining claims is similar. O

Lemma 6.1.3 Ifc = OF then

ordyy (disc(E/Q))

> = length,, (W) D) = —ordy (p192).

The same statement holds with 9 replaced by 7.



92 6 Local Calculations

Proof. The isomorphism O ®z #p — 7/6 defined by (6.8) identifies the #(-
bilinear form ¢ (x; ® I, x, ® 1) = Trg,g(x1x2) on the left with the usual dot product
on the right. If 2V denotes the dual lattice of 2 with respect to the dot product on
7/6 , it follows that

ordy (disc(E/Q)) = length,, (2" /%) = 2 - length,, ") D).

This proves the first equality. For the second, (6.7) implies that & is self-dual with
respect to the pairing (6.13), while the dual lattice . of #/* with respect to the same
pairing satisfies length,, (2/.%) = length,, (#*/ %) and length, (#*/ &) = —2.
ordy (p102). O

6.2 Deformation Theory

The image of ¢ = ¢34 : EE, — prlg is contained in [, and is denoted Ex.
Recalling that g is the prime of E* corresponding to ¢, there is an isomorphism
of Q,-algebras Egn — Ex. Let #5 g be the completion of the maximal unramified
extension of Ex in C,, and let #s C #x ¢ be the valuation ring. Thus we have
inclusions W C #s C # . Let Arty be the category of local Artinian %5 -algebras
with residue field IFZlg.

Proposition 6.2.1 Suppose R is any object of Arty, and A is a c-polarized CM
abelian surface over leg satisfying the X -Kottwitz condition. There is a unique way
to lift A to R in such a way that the lift again satisfies the X-Kottwitz condition.

Proof. This is a special case of [20, Theorem 2.2.1]. O

For any j € L(A) let Defy (A, j) be the functor that assigns to every object R
of Arty the set of isomorphism classes of deformations (satisfying the X -Kottwitz
condition) of (A, j) to R. Let Qx be the maximal ideal of #5. In the situation of
Proposition 6.2.1, the unique lift of A is the canonical lift of A to R. For any positive
integer m let A" be the canonical lift of A to #x /Q%.

Corollary 6.2.2 For any j € L(A) the deformation functor Defx (A, j) is pro-
represented by W [ Q'S where m is the largest positive integer (including possibly
m = oo) for which j lifts to L(AS:™).

Proof. Let Defx (A) be the functor that assigns to every object R of Arty the set
of isomorphism classes of deformations (satisfying the X'-Kottwitz condition) of A
to R. By Proposition 6.2.1 Defs (A) is pro-represented by #7 . It now follows from
[47, Proposition 2.9] the functor Defx (A, j) is pro-represented by a quotient of #’x,
and the claim follows easily. O

Define a rank two % -direct summand 2' C 2 by
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wi

w \ 0
' = leg:. ™

w3 W4=0

W4

and set .@é = 9' ®y Wy.Forany j € L,(A) define, following Zink [60, Section
2.5],
obst(j) : ' - 2/P"

as the composition 2! — 2 L9959 /D" where the first arrow is the inclusion
and the third arrow is the quotient map. Extending scalars to #(, the submodule
Dy C Dy is spanned by e; and e, and the #-module map g : Yy — ¥ defined
by

wi

W2l [Wﬂ 6.17)
w3 Wy

Wy

identifies Zg/ @(1)2 = WQ% The map obst(j) : @(1)2 — Do/ @(1)2 can be read off from
the lower left 2 x 2 block of (6.14), and has the explicit form

obst(j)(e)) = [_‘(’)Zd} obst(j)(¢2) = [ Od} . (6.18)
P1

Let 9 denote the maximal ideal of #, and define
obst,(j): 2' @y W /Q" — (2/D") @y W /Q"

to be the reduction of obst(j) modulo Q. The next proposition shows that obst(j)
measures is the obstruction to lifting j € L,(A) to a special endomorphism of the
canonical lift of A.

Proposition 6.2.3 Assume e(Ex/Q,) < p, and that A is supersingular. For every
j € L(A) andm € Z* we have

j lifts to L(AS™) <= obst,,(j) =0,

m

where e = e(E/Ey).

Proof. Let Z.ys be the covariant crystal associated to A by Grothendieck—Messing
theory [18,39], or by Zink’s theory of displays [40, 60]. Thus for any object R of
Arty for which the kernel of R — F:lg is equipped with divided powers (compatible
with the canonical divided powers on pR), Zcrys(R) is a free R-module equipped
with an action of & and a canonical isomorphism [60, Proposition 51] Dy (R) =
D ®@w R. Let Qx be the maximal ideal of /5. The hypothesis e(Ex/Q,) < p
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implies that the maximal ideal of R = #5 /Q'}. is equipped with canonical divided
powers [18, Chap.IV.1.3]. Thus if we set Z5x = D ®Qyu ¥, there is a canonical
isomorphism

.@crys(R) ~ Y5 Qws R.

The unique lift A" of A to R corresponds to the unique Of-stable R-direct
summand
Fil' Zerys(R) C Derys(R)

lifting the Hodge filtration
Fil' Derys (F4) = Ker(Zerys (F3®) — Lie(A)).

This unique lift of the Hodge filtration is determined in [20, §2.1], and has the
following form. Let Jx be the kernel of the #x-algebra map

Or @z Ws —C,xC,
defined by x ® 1 + (m3(x), m4(x)). Then Jy is an ideal in O ®z #x, and
Fil' Derys(R) = J5 Derys (R).

The special endomorphism j of A induces an endomorphism jerys Of Zerys(R),
and j lifts to L(A$™") if and only if jerys preserves the direct summand Jx Zrys (R)
(see [60, Theorem 48]). This latter condition is equivalent to the vanishing of the
map

Jerys

JE @crys(R) — @crys(R)/JE @crys(R)- (619)

The extension #s;, — # is faithfully flat, so the vanishing of (6.19) is equivalent to
the vanishing of

(JsD) @y W Q™ 5 (D] TsD) @y W Q™.

As Jx 9 = ', the vanishing of this latter map is equivalent to the vanishing of
obste, (7). O

Proposition 6.2.4 Assume that A is supersingular.

1. Foreveryprime{ # p thereis an Eg-linear isomorphism ofF[n-quadratic spaces

(Vi(T), 0%) = (Vi(A), 0%)

taking L¢(T) isomorphically to Ly(A).
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2. The archimedean place w = 005, of F* determined by the reflex map ¢x : E* —
C is the unique archimedean place for which

V(D). 07) # (Vi(A). 0F).

3. The prime p = p* of F¥ is the unique prime of F* above p for which

(Vo(T), 0) # (Vo(A), 0F).

Proof. Suppose £ # p and let Tay(A) be the £-adic Tate module of A. As T is
identified with the first homology of A(T), and reduction modulo p induces an
isomorphism on £-adic Tate modules, there is canonical isomorphism

Ta[(A) ~T ®z Zy,

and hence a canonical injection End(A4) ®z Zy — End(T') ®z Z,. It is easy to see
that this injection has torsion-free cokernel, and restricts to an injection L;(A) —
L,(T) with torsion-free cokernel. Both sides are free Z;-modules of rank four (by
Propositions 2.2.2 and 3.1.3), and so this map is an isomorphism. This proves the
first claim.

The second claim is clear from Proposition 2.3.5 and the fact that Qi is totally
positive definite.

For the third claim, first suppose that p = p* is the unique prime of F* above p.
The global quadratic spaces (V(T), QPF) and (V(A), Qg) are nonisomorphic at an
even number of places of F*, and so the previous two claims imply that they are
nonisomorphic at p.

Now suppose there are two primes of F* above p, p* and p, and let

e,g»eFlgngﬁxFﬁl1

be the idempotent €, = (1,0). Forany j € V,(A) let j, € End(4[p*]) ®z, Q) be
the corresponding quasi-endomorphism of the p-divisible group of A. By the proof
of Proposition 6.1.2, the action of €, j, on the extended Dieudonné module Z is
through a matrix of the form

In particular €, j, preserves the submodule 9", If we repeat the proof of Propo-
sition 6.2.3 replacing A by A[p*°] everywhere, we see that €, j, lifts uniquely to
a quasi-endomorphism of the p-divisible group of A% for every m € ZT. By
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applying Grothendieck’s formal existence theorem [8, Section 3] to truncated p-
divisible groups, we see that €, j, lifts to a quasi-endomorphism of the p-divisible
group of the unique deformation of A to #5. Applying base change from #7 to
C, shows that €,, j, lifts to a quasi-endomorphism (e, j,)~ of the p-divisible group
of A(T), which is none other than 7' ®z, Q,/Z,. We have now constructed an
injection €, j > (€pj,)” from V,(A) to V,,(T). As both are free of rank two over

F,f (by (2.5) and Proposition 3.2.5), this map is an isomorphism. The proof that

(V(T), Qﬁ.) and (V(A), Qi) are not isomorphic locally at p? is now exactly as in
the previous paragraph. O

6.3 Strategy

In the remaining subsections of Sect. 6 we examine the quadratic spaces V,(A) and
V,(T), together with the deformation functor Defx (A, j), on a case-by-case basis
depending on the action of Gal(E/Q,) on (6.2). The results of the preceding sub-
sections reduce everything to direct (if very tedious) linear algebra. The calculation
of Defx; (A, j) follows the same argument for each possible Gal(E/Q,) C Ds, and
in this subsection we explain the general structure of this argument.

Hypothesis 6.3.1 For the remainder of Chap. 6 we assume

1. A is supersingular (equivalently, p* is nonsplit in E®),
2. ¢c= ﬁF,

3 [E:Q,] <4

4. e(E/Qp) < p.

Because we assume that A supersingular, Proposition 6.1.1 tells us that the two
edges ¢, and ¢34 of (6.2) lie in the same orbit under the action of the subgroup
Gal(E/Q,) C Dg. For each subgroup with this property we carry out the following
steps.

(1) Determine the submodules & and .7 of #'*. As both are equal to the image
of O ®z W under the map (6.8), the theory of higher ramification groups
(especially Proposition 4 of [48, Chap.IV.1] and its corollary) implies that the
coordinates of points in & (and ) satisfy certain congruences. The most
important example of such a congruence is the following. Suppose there is a
y € Gal(E/Q)) of order 2, and let [ be the fixed field of y. If A generates the
relative different of E/EEy then 7 (x) = 7 (x)” (mod A%') for any x € Of and
any 7w : O — % . Thus if, say, m; = y o w3 then any point in Z must have its
first and third coordinates congruent modulo A% . In every case the strategy is
first to find congruences satisfied by the coordinates of &. These congruences
determine a submodule 2’ C #* containing 2, and after finding sufficiently
many congruences one may verify 2’ = % by computing the index [#* : ']
and comparing with Lemma 6.1.3.
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(2) Compute ordy (p1) and ordy (p;) both for A4 and A . Once the # -lattice
9 C W*is known, this is a straightforward calculation using (6.7) and the
same relation with & replaced by 7. One may simplify this calculation by
using Lemma 6.1.3.

(3) Find generators of I", and determine the operators .%, and %), on & and &
for each of the chosen generators y € [I'. Finding generators for I" is easy:
find generators for I"(0) (the inertia subgroup of Gal(E/Q,)) and then add
any element of I"(1). As explained earlier, the operators .%, and ¥}, on & for
y € I'(0) have a simple form: each is a permutation matrix composed with a
Galois automorphism, and the permutation matrix can be read off directly from
the action of Gal(E/Q,) on (6.2), as in (6.11). For y € I"(1) recall from (6.12)
that ¥, has a single nonzero entry in each row and column, and that the positions
of the entries can be read off from the action of Gal(E/Q,) on (6.2). The exact
values of the nonzero entries are impossible to determine, but recalling (6.5)
and using the fact that the action of O on

2709, 7" ~ D/ VD = Lie(A)

must satisfy the X'-Kottwitz condition, one obtains some information about the
image of ;. In particular, this information is enough to determine the p-adic
valuations of the coefficients of the matrix 7} o y. The operators .%#, and ¥, on
7 may be computed in a similar manner. As noted before, each such operator is
a permutation matrix composed with a Galois automorphism Both for Z and .7
we only keep track of the 7, operators, as .%#, can be easily recovered from 7.

(4) Among the elements of I" there is at least one, say y, that interchanges the
edges ¢12 and ¢34. Such a y is either reflection across the horizontal axis in
(6.2), or is rotation by 180°, and accordingly the corresponding operator %,
has, by (6.12), one of the two forms

k *

where the unknown entries will have known p-adic valuations. Givena j € L,(A)
written in the form (6.14), the condition that j commutes with ﬁy then implies
some relation between ordy (¢) and ordy (d).

Once these calculations are done, the deformations space Defyx (A, j), for any
nonzero j € L(A), is easy to compute. Knowledge of the # -modules 2! C
9 C W* together with (6.18) allows one to compute the maximal m for which
obst,(j) = 0 in terms of ordy (d). Proposition 6.1.2 expresses ordpn(Qg(j))
in terms of ordy (p1), ordy (p2), ordy (c), and ordy (d). Combining all of these
relations gives a formula for the largest m for which obst, (j) = 0 in terms of
ordpu(Qg( J)). Combining this formula with Proposition 6.2.3 one determines the
largest m for which j lifts to a special endomorphism of A", and then the functor
Defx (A, j) is known by Corollary 6.2.2.
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To be more concrete, consider the case of E/(QQ, unramified and fix a nonzero
j € L(A). Lemma 6.1.3 implies 2 = #*, and (6.7) implies ordy (p;) = 0 and
ordy (p2) = 0. The submodule lc9is spanned by e; and e,, and the # -module
map ¢ : 9 — W7 defined by (6.17) identifies 2/ 2' =~ #?. By (6.18) the map
obst(j) has the explicit form

obst(j)(e;) = I:_%Zdj| obst(j)(e2) = |:p?d:| .

It follows immediately that

obst,(j) =0 < m <ordy (d).
On the other hand, Proposition 6.1.2 implies ord,; (Qi( J)) = ordy (cd). The only
missing ingredient, which we will prove on a case-by-case basis, is the relation

ordy (¢) + 1 = ordy(d). Once this is known we immediately deduce from
Proposition 6.2.3

.
ord +1
j lifts to L(A;‘:H) < ObStm(j) =0 — m< Pn(QAz(-]))

and conclude that ; lifts to L(AJ™") but not to L(AJ™ ) where

_ ordy(Q4() + 1
. .

If ordpn(Qi(j)) = oo then j lifts to L(A$™") for every m.
The cases in which E/Q, is ramified are more technically involved, but the
arguments follow the same general structure.

6.4 The Quadratic Case, Part I

Suppose that E/Q,, is a degree two extension, and that the nontrivial element y €
Gal(E/Q,) acts on the sets Hom(E, Q‘;lg) and Hom(E¥, Q?,lg) by

T m 12 o0

XX

4 T3 14 $34-
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This implies E = Ey, and that there are isomorphisms (which we do not fix)

F,=Q,xQ, E,=ExE
Fl=Q,xQ, E! ~ExE.

Fix a generator Ag, of the different of E/(Q,. The fixed isomorphism (6.9) identifies

wi
B I
Wq
The condition (6.7) implies
ordy (p1 Ag) =0 ordy (p2Ag) = 0. (6.20)

There are two primes of F¥ above p. One of them is p, and we denote the other
prime by p'i.

First suppose that E/Q, is unramified, so that % = W and Ax € #*. There is
a unique lift of y to y € I"(1), and this y generates I". By (6.12) the operator ¥}, on
2 has the form

u —
Yy = oy~
wy

w?
for some uy, u,, wi, wy € # . The characteristic polynomial of x € g acting on
D]V, D is
(T =71 (e)™ 7 0 (T = 7 (x)) "
(T = 73 ()™ () (T = g ()™ (™) € T[T,
and so the XY-Kottwitz condition implies, as the notation suggests, that @, and

w, are uniformizing parameters of %, while uy,u, € # . The relation (6.6) is
equivalent to

pp1 = —(m@ip1)” pp2 = —(uam@2p2)".

The condition that (6.14) commutes with 7, is equivalent to

—pb\’ —pa\’ pd 12V
a = b: C = d: .
uLws Ui w1 uius
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Now consider the triple (.7, k7, A ). The operator ¥, acts on .7 as

1
1
v, = !
14 1 oy
1
and the relation (6.16) is equivalent to p; = —pi’ and p; = —pg . The condition that
(6.14) commutes with ¥}, is equivalentto a, b, c,d € E together with a = —b? and

c=d".

Now suppose E/Q,, is ramified, so that [#p : Wg] = 2 and E and Wy are
linearly disjoint over Q. There is a unique lift of y to y € I"(0), and a unique lift
of the identity in Gal(E/Q,) to € € I'(1). The elements y,e € I" commute and
generate all of I'. As E = Eyx, Hypothesis 6.3.1 implies p > 2, and it follows that
Ag is a uniformizer of . From (6.11), (6.12), and the fact that #}, and #; commute,
we deduce that the operators %, and ¥, act on & as

1 w1

for some @y, w, € # . As in the paragraph above, by computing the characteristic
polynomial of x € O acting on 27'© /%, 2" and comparing with cx_, one
can show that @, and @, are uniformizing parameters of . The relation (6.6) is
equivalent to pi’ = —p; and pg = —p, together with

pp1 = (lelwly)é PPy = (pzwzwz”)?

The condition that (6.14) commutes with ¥}, and ¢ is equivalent to the relations
¢ = d7 and a = —b? together with

pa \° pb \° e \° pd \°
a= 5 b= 5 c= d= — | -
ZD'I () w1w2 w1 ZD'I ZD'2
Now consider the triple (7, k7, A 7). The commuting operators #; and 7. act on
T as

1 1

/V =
14 1
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The relation (6.16) implies that p;, p» € E and satisfy pi’ = —p; and pg = —p2.
The condition that (6.14) commutes with ¥¢ and ¥, is equivalent to a,b,c,d € E
together with ¢ = d? and a = —b?

Proposition 6.4.1 For any j € L,(A), j lifts to L,(A;") but not to L,(A} )
where

_ ordy (QRG) +1
2

1 ifp¥is inert in E*
2 ifp* is ramified in EV.

Proof. 1If E/Q), is unramified then the calculations above prove ordy (d/c) = 1,
and so the claim follows from the discussion of Sect. 6.3. Assume now that E/Q,,
is ramified. The submodule 2! C Z is free on the generators Age; and Age,, and
the map (6.17) identifies the quotient 2/ 2" with #2. By (6.18) the obstruction
obst(j) : 2' — #? is given

0 —Agp2d
A A
E€1 |:A]Ep1d:| E€2 > |: 0 :|

and it follows from (6.20) that obst,, (j) = 0 if and only if m < ordy (d). We saw
above that ¢/d € #, and so Proposition 6.1.2 implies

ordy (d) = ord,: (04(/)) + 1.

As p* is ramified in E¥, the claim follows from Proposition 6.2.3. ]

By direct linear algebra we can determine the conditions on the matrix (6.14)
which ensure that j € L,(A). This leads to the following result.

Proposition 6.4.2 For some B,(A) € F, ,9 satisfying ordpu (Bp(A)) =0and

1 ifp is unramified in E*

ord, A)) =
P (Br&) 0 otherwise

there is an Eg-linear isomorphism of F 5 -quadratic spaces

(Vo(4), 0}) = (E}, By(A)xxT)
identifying L ,(A) = O ,.

Proof. Suppose j € V,(A) is written in the form (6.14). As a % -module, Z is
generated by the elements e; + e3, ey + es, Ages, and Agey, andso j - 2 C Z if
and only if
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0 p2b + pac 0 Agpac
p1a — pic 0 —Agpic 0

0 —p2d + pra 0 Agpaa
p1d + p1b 0 Agp1b 0

all lie in 2. This is easily seen to be equivalent to a, b, ¢, d € # and satistying the
congruences

a—b—c—d=0 (mod AZ¥%)
—b =c (mod Ag¥#).

a

If E/Q, is unramified then these congruences are automatically satisfied. If E/Q,
is ramified then the relations a = —b" and ¢ = d7 imply that

a=—b (mod Ag¥)
¢c=d (mod Ag¥)

anda —b—c—d =(a—c)+ (a—c)’ € W. Therefore if a = ¢ (mod Ag¥#)
thena—b—c—d € pW C AZ# . It follows that the above system of congruences
can be replaced by the single congruence ¢ = ¢ (mod Ag#’), and so

JE€L,(A) < a,b,c,d € ¥ anda =c (mod Ag¥).
The next claim is that
JE€L,(A) < a,b,c,d € AgW. (6.21)

This is clear if E/Q, is unramified, so assume E/Q, is ramified. The implication
<= is obvious from the previous paragraph. The implication =—> is more subtle,
and we give two proofs. First, if j € L,(A) then (trivially) j lifts to L ,(A{™"). By
Proposition 6.2.3 the map obst; (j) must vanish, and the proof of Proposition 6.4.1
shows that 1 < ordy (d). As Ag is a uniformizer of # and ¢ = d?, we deduce that
c,d € Ag¥'. We already saw that a = ¢ (mod Ag%#), and using a = —b? we
have proved a,b,c,d € Ag# as desired. For the second proof we give a different
argument that 1 < ordy (d). If notthen d € #, and so also a,b,c,d € #™*. The
congruence a = ¢ (mod Ag%#’) and the relations

() (=)
a = 7 Cc =
'(D'l wH w1

— =1 (mod Ag¥).
w

imply that
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This implies ordy (@) — @) > ordy (Ag). As # = Ww], it follows that
ordy (x — x¥) > ordy (Ag)

for every x € #, contradicting [48, Proposition IV.1.4].
Having proved (6.21), fix any Ef,-module generator j € V,(A), so that

1 if E/Q, is unramified

ordy (d) = ordy (¢) +
0 otherwise

and ordy (a) = ordy (b). The map

Ef, $23%XP12 ExE

is an isomorphism, and any uniformizer of % is a uniformizer of % . Using this
and (6.15), we may multiply j by an element of EE, to assume that @ and ¢ each
generate the ideal Ag#/ . Then also b generates Ag#". The map x +—> x e j defines

an E ﬁ—linear isomorphism
(EL. Bo(A)xxt) — (V,(A). OF)

where 8,(A) = Qg( J ), and Proposition 6.1.2 shows that this 8, (A) has the desired
valuations at p* and pi. Finally, it follows from (6.21) and (6.15) that x e j €
L,(A) if and only if ¢ (x) € # for every ¢ € Hom(E ! , Q;lg). This is equivalent to
X € ﬁEu,p, and so x — x e j identifies ﬁEu,p = L,(A). O

As we have identified .7 = 2 as submodules of #*, it is straightforward to
modify the proof of Proposition 6.4.2 to obtain the following result.

Proposition 6.4.3 For some B,(T) € F, 5 satisfying

ord: (B,(T)) = —ordp: (D gz pe)
ord ; (By(T)) = —ord ; (D sz s)

there is an Eg-linear isomorphism of FIE -quadratic spaces

(Vo(T). 07) = (EZ. B,(T)xxT)
identifying L ,(T) = Z, + Dt p: Ops .-

Proof. Suppose j € V,(T). The proof of Proposition 6.4.2 (plus the earlier
calculation a,b,c,d € E) shows that j - .7 C & if and only if a,b,c,d € Og
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and satisfy the congruence @ = ¢ (mod Ag&g). The equivalence (6.21), however,
is false in this setting.

Fix a j € L,(T) such that a,b,c,d € Of. For example, first choose any
a,c € Of satisfying a = ¢ (mod AgOg); by the calculation of the operators
{#, .y € I'} above, it we set b = —a? and d = c? then (6.14) defines the desired

Jj € L,(A). Consider the function Eﬁ — V,(T) defined by x +— x e j. For any

x ek E,, the results of the paragraph above and the explicit action (6.15) show that
xej€L,(T)ifand only if x € Of: , and

apy(x) = cera(x) (mod AgOk).

Of course this is equivalent to ¢»3(x) = ¢12(x) (mod AgOr), which is equivalent
to
X € Zp + gEﬁ/FﬁﬁEﬁ,p-

Taking B,(T) = QPF( j) and using Proposition 6.1.2 to compute the valuation of

B,(T) at p? and p’i, we see that x > x e j defines the desired isomorphism Ef, —
V,(A). O

Suppose @ € (F")* and p € Sppt(a), and recall the quantity V() of
Proposition 5.2.3. Assume p¥ € Diff(e, T), so that Wa.p(0, T) = 0 by (4.7).

Proposition 6.4.4 1. If L,(A) represents o then W, ,(0,A) # 0 and

Wi, 01 vp(@)
Wa.p(0.A) 2

log(Nm(q)).

2. If L ,(A) does not represent o then W, ,(0, A) and Wof,p(O, T) are both 0.

Proof. Abbreviate p = p* and p, = pk. Identify E, = E} x Ej, and Fj =
F,f X Fpu*, and write

Bp(T) = (Bp(T), By..(T))

Bp(A) = (Bp(A), Bp. (A)).

We divide the proof of (1) into two cases. First assume that p is inert in E¥.
This implies that p, is also inert in E*. In this case, both L ,(T) and L ,(A) can be
identified with O ,, by Propositions 6.4.3 and 6.4.2 respectively, and so there are
factorizations

Wap(5.T) = Wap (5, PF 7)) - Warp. (5. PF 1)
W p(5, &) = Wep (5, DF(a)) - Waep (5. PF ()
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where @g is in the notation of Sect. 4.6. Those same propositions imply

(ﬁEn,p* ’ IBP* (T)XXT) = (ﬁEn,p* ’ IBP* (A)XXT),
and so
Worp. (5. Pp, 1)) = Wap. (5. P, n)):
The hypothesis that L, (A) represents o implies that ord,, («/ By, (A)) is both even

and positive, and so Proposition 4.6.2 implies

W 0., a) = ¥ (Vpoa)-
The same reasoning shows that
W, (0, ‘pgp(A)) =y(Vg,a))-

On the other hand, Propositions 6.4.3 and 4.6.2 imply

ord, (o) + 1

W 0 —
Wa* (0, @ﬂp(T)) = )

» -y(Vg, () - log Nm(p).

Lemma 4.2.1 implies y(Vg, (1)) = —y(Vp,(a)), and combining this with Nm(q) =
Nm(p)? shows

W,,0.T)  W50.95 @) (@)
Wa,p(ov A) W(:p (O’ ¢/2p (A)) 2

log Nm(q).

This proves (1) under the assumption that p is inert in E*.
Next we assume that p is ramified in E®. In this case py is also ramified in E¥,
and p # 2. Let w and @, be uniformizing parameters of Ff and Fg* , respectively.

Under the identification E?, = Eg X Eg* we have

Zp+DpiypiOg: = || @+ @0Op,) x @+ @ubpsy,).
a€l/pZ

Define B B B
Bp(T) = (By(T). By, (1) = (ww ! Bp(T), wuwwi By, (1))

' x,w ) gives an isomorphism of quadratic spaces

The map (x1, x2) — (x;@~
(E%, Bp(T)xxT) = (E%, B,(T)xxT)

which identifies Z, + D g1/ p: Op: , with

I_l (% + ﬁEﬁ,p) X (wi* + ﬁEﬁ,p*) ,

a€l/pZ
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and therefore

W (s.T) = > Wi (s, (T)) W, (s. @ﬁp*m) (6.22)
a€l/pZ
Ifa # 0 and
a2
o€ IBP(T) + ﬁpn
then
o 1

———— €1+ ———+0F,

a?By(T) a?By(T)
and it follows (using Proposition 6.4.3) that y, (o) = x,(B,(T)). But this implies
that V,,(T) represents «, contradicting p € Diff(c, T). Invoking Proposition 4.6.4
now shows that if ¢ # 0 then

lo(s (b )=0.

Bp (T)
We have now shown that only the @ = 0 term contributes to (6.22), and so

* 0
Wy (s, T) = lo(s ol (s, D7

By (T)) "‘p* *(T))'

As we assume that L , (A) represents «, Proposition 6.4.2 implies thata € Oy ,.
The same proposition allows us to identify L,(A) = Op; ,, and so there is a
factorization

* 0
Wiy (5, &) = Wiy (s, B ) - Wl (5 B _a)-
Proposition 4.6.3 shows that both factors in the right hand side are nonvanishing at

s = 0. Lemma 4.5.2 and the hypothesis p € Diff(c, T) imply that p, ¢ Diff(c, T),
and so « is represented by V,,« (T) as well as Vj,» (A). Combining this with

shows that B« (A)/ By (T) is a norm from ﬁEu s

which implies
0
ap*(s ¢ﬁp (A)) ap*(s D *(T))-

From this we deduce

" *,/ 0
w.,0.1) W01 Wap© 5 )
Wa,p (O’ A) a,p (O’A) D:P (0’ ¢gp (A))
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But Propositions 6.4.2, 6.4.3, and 4.6.3 imply

J
Wy (. @tgp @) ()

* 0 -
Wa (0. Pg (4))

log Nm(p).

Since p is ramified in E*, we see Nm(p) = Nm(q). This proves (1) in the ramified
case.
Now we prove (2). Assume that « is not represented by L,(A). If & ¢ O ,,
then
Wap(s,T) = Wy p(s,4) =0

by Propositions 6.4.2, 6.4.3, 4.6.3 and 4.6.4, so we may assume that ¢ € ﬁpn,p-
The assumption p € Diff(e, T) implies that V,,(T) does not represent . Proposi-
tion 6.2.4 now implies that V,,(A) does represent ¢, and Proposition 6.4.2 (together
with the hypothesis that &« € Op: ,) implies that « is represented by Ly (A). It
follows that L, (A) does not represent ¢, and so
W, (0, cpgp*(A)) =0
by Proposition 4.6.3. Therefore
W p(0,A) = W, (0, q>gp ) - Wap. (0, cpgp*(A)) =0.
The proof of (1) gives the first equality in
Wap. (0. 85, 1)) = Wap. (0. B, () =0

and also shows that

W, ,(0.T) = W, (0, <pgp* 1) Wap, (0, qbgp*(T)) =0. O

6.5 The Quadratic Case, Part I1

Suppose that E/Q), is a degree two extension, and that the nontrivial element y €
Gal(E/Q,) acts on the sets Hom(E, Q?,lg) and Hom(E¥, Q;}g) by

T b2 P12 @23

N

4 3 P14 $34.
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This implies E = Ey, and that
F,~E E,=2ExE
Fl=~Q,xQ, El = Ex (Q,x Q).

Fix a generator Ag, of the different of E/Q,. The fixed isomorphism (6.9) identifies

wi

wa 4 Wl — Wy € AgW
9 ~ ew” .

w3 Wy — w3 € A]EW

W4

The condition (6.7) implies
ordy (014g) =0 ordy (024g) = 0.

There are two primes of F* above p. One of them, p, is nonsplit in E*. The other,

which we will denote by pi, is splitin £ 1
First suppose that E/Q),, is unramified, so that I" is generated by the unique lift
of y to y € I'(1). The operator ¥, has the form

H = oy

w?

for some uniformizing parameters @, w, € # and units u;,u; € #*, and the
relation (6.6) is equivalent to

pp2 = —(uywp1)” pp1 = —(uimrp2)".

The condition that (6.14) commutes with 7, is equivalent to

—pa 14 —pb Y —pd 14 —pc Y
a = b = C = d = .
U1 Uur > w1 uius

Now consider the triple (.7, k 7, A 7). The operator ¥}, is equal to
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and the relation (6.16) is equivalent to p, = —pi’ and p; = —pg . The condition that
(6.14) commutes with ¥, is equivalent to

Now suppose E/Q),, is ramified. The group I" is generated by two commuting
elements: the unique lift of y to y € I'(0), and the unique lift of the identity
element of Gal(E/Q,) to € € I'(1). commuting elements ¢ = (Fr,id) and
y = (id, y). Hypothesis 6.3.1 implies p > 2, and hence A is a uniformizer of E.
The commuting operators 7, and .%, on Z have the form

1 wy

1 w]

for some some uniformizers @w;, w, € # . The relation (6.6) implies that p; and p;
satisfy pi’ = —pr and pg = —pi, together with

por = (m@@y)  ppr = (mwrw)) .

The condition that (6.14) commutes with #,, is equivalent to

and the condition that (6.14) commutes with 7¢ is equivalent to the further relations

pa_\* pb \° IZ2RY pd
a = - 7 b = 7 C = = 7 7 .
20, w1, W), w, W,

Now consider the triple (.7, k 7, A 7). The operators #; and ¥, on .7 are equal to

1 1

The relation (6.16) implies that py, p, € E and satisfy p] = —p, and pj = —p;.
The condition that (6.14) commutes with ¥¢ and 7, is equivalentto a,b,c,d € E
satisfying

a=-—a b =-b" c=-=d’ d =—c".

Proposition 6.5.1 For any j € L,(A), j lifts to L,(A;") but not to L,(A}Y )
where
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ordy: (Q1(/)) + 1
2

1 ifptisinertin E*
2 ifpt is ramified in E"

Proof. After the calculations done above, the proof is the same, word-for-word, as
the proof of Proposition 6.4.1. O

Proposition 6.5.2 For some f8,(A) € FIE satisfying ordpn (Bp(A)) =0and

1 ifp¥is inert in E*

d A)) =
or pﬁ(ﬁp( )) {0 lfpﬁ is rgml'ﬁedl.n En

there is an Ef,-linear isomorphism of F]E -quadratic spaces

(V,(A). 04) = (E}. B, (A)xx")
which identifies L ,(A) with the maximal order Og; .

Proof. Suppose j € V,(A) and write j in the form (6.14). As a %#'-module, Z is
generated by e; + es, e, + e3, Ages, and Ages. Applying j to each of these vectors
shows that j - 2 C Zif and only ifa,b,c,d € Ag#', and satisfy the congruences

pac —p1rd =0 (mod Ag¥)

p2b — p1b =0 (mod Ag¥)

pra — pra =0 (mod Ag¥)

pic — p2d =0 (mod Ag¥).
If E/Q),, is unramified then these congruences are automatically satisfied. If E/Q), is
ramified then we may choose A, so that A]}é = —Ag, and write p; = uAg ! for some
u € W The relations p] = —p; and u” = u (mod Ag¥) imply p; — pr € #'.
This shows that the second and third congruences are automatically satisfied. The
relations pjd = (ppc)? and pod = (pic)? show that the first and fourth congruences

are automatically satisfied. Therefore j € L,(A) ifand only ifa,b,c,d € AW .
The rest of the proof is exactly the same as Proposition 6.4.2. O

Proposition 6.5.3 For some ,(T) € F| ]E satisfying
ordy: (B,(T)) =0 ordpi (Bp(M) =0
there is an Eg-linear isomorphism of F ,9 -quadratic spaces

(V,(T), 0F) — (E%. B,(T)xx")

which identifies L ,(T) with the maximal order O ,.
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Proof. Using the equality .7 = 2 of submodules of %4, the proof of Proposition
6.5.2 shows that every j € V,(T) satisfies j € L,(T) if and only if a,b,c.d €
AgOg. One may construct a j € L,(T) in such a way that a, b, ¢, and d each
generate Ag O, (start by choosing a, b, ¢ so that a¥ = —a, bY = —b, and each of
a, b, ¢ generates AgOg; then define d = —c?), and then (6.15) shows that x e j €

L ,(T) if and only if ¢ (x) € O for every ¢ : Eﬁ — . This implies
xejeL,(T) < x €0,

Taking B,(T) = anr(j), the completion of the proof is exactly is in
Proposition 6.4.3. O

Suppose @ € (F"* and p € Sppt(a), and recall the quantity V() of
Proposition 5.2.3. Assume p¥ € Diff(e, T), so that Wa.p(0, T) = 0 by (4.7).

Proposition 6.5.4 1. If L,(A) represents o then W, ,(0,A) # 0 and

W, ,0.T) )
W, ,(0,A) 2

-log(Nm(q)).

2. If L ,(A) does not represent o then W, ,(0, A) and Wofyp(O, T) are both 0.

Proof. (Sketch) The proof is similar to that of Proposition 6.4.4 and a little simpler.
Keep the notation in Proposition 6.4.4. Then Propositions 6.5.2 and 6.5.3 imply

(Lp(A), 08 = (Ops . Bp(A)xx") ® (O . By (A)xxT)

and the same with A replaced by T. Therefore

Wa,p(s. A) = Wap(s, qb&, a) Wep. (5 ¢§p*(A))
Wap(5,T) = Wap (5, Pf p) Warp. (5, P ()

Moreover, the same propositions give

(g p- By (A)XXT) = (Ops . By, (T)xx)
and so
Wu,p* (S’ d)gp* (A)) = Wa,p* (S, ¢§p*(T))

The rest of the proof goes exactly as that of Proposition 6.4.4, and is left to the
reader. O
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6.6 The Cyclic Quartic Case

Suppose that Gal(E/Q,) is cyclic of order 4. Let y € Gal(E/Q,) be a generator
inducing the absolute Frobenius x + x? on the residue field of E. As the CM
type X = {m3, m4} is an unordered pair, we are free to interchange the indices of
3 and 74 (which requires also interchanging 7y and ) in order to assume that y
acts on Hom(E, Q?,lg) and Hom(E¥, Q?,lg) by

T —— M Q1o —— ¢
Ty ~—— T3 P14 <—— P

If we let Eg C E be the fixed field of )/2 then E = Ex and

F, = Eg E,~E
f~ 1~
F, =Ky E, = E.

Let A € E be a generator of the different of E/Q,. The fixed field of the
inertia subgroup of Gal(E/Q,) is either E, Eo, or Q,. In the first case E/Q, is
unramified. In the second case Ey/Q, is unramified, E/E is ramified, p > 2 (by
Hypothesis 6.3.1), and Ag is a uniformizing parameter of E. In the third case E/Q,
is totally ramified, p > 3, and (as E/Q,, is tamely ramified) ordy (Ag) = 3.

If E/Q, is not totally ramified then the fixed isomorphism (6.9) identifies

wi

w w1 — w3 € AgW
9 ~ eyt M 3 Ea

w3 Wz—W4€AEW

W4

If E/Q, is totally ramified then the situation is more complicated. As p > 2, W
contains a primitive 4™ root of unity. By Kummer theory there is a uniformizer
IT € # such that [T* € W. As already noted Az = I1°# . There is a unique
extension of y € Aut(0g/Z,) toy € Aut(# /W), and we let { € W* be the 4"
root of unity determined by IT” = ¢I1. Then 2 C #'*is generated as a W-module
by the span of the vectors

1 n 1> g
1 eIl —IT? —¢IT?
1 -1 1> —I7?
1 —tr —IT? I4IE
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From this it is not hard to show that

zl Vl',jwi—WjEH'W

9 = W2 €W4ZW1—W2+W3—W4€H2'W
w3 Wi+ Cwrs— w3 —Ewy €3 - W
4

Regardless of the ramification of E/Q,, the relation (6.7) implies

ordy (p1Ag) =0  ordy (p24g) = 0.

Suppose first that E/Q,, is unramified. The group I” is generated by the unique
lift of y to y € I'(1), and the operator ¥}, on Z has the form

w2

for some units u;, uy € #* and some uniformizers w;, w, € # . The relation (6.6)
is equivalent to

—pp1 = (W 02)"  ppa = (wiu1p1)”.

The condition that (6.14) commutes with 7}, is equivalent to the conditions

—rc)’ pd pb Y —pa’)’
a = _— b = CcC = d == .
uiup w17 175K %) [N7%)

Now consider the triple (.7, k 7, A ). The operator ¥}, on .7 is equal to

and the relation (6.16) is equivalent to p; = —p’z' and p, = —pi’. The condition that
(6.14) commutes with ¥, is equivalentto a, b, ¢, d € E satisfying

Next suppose that [£g/Q,, is unramified, while E/E, is ramified. The group I” is
generated by two commuting elements: the unique lift of y to y € I'(1), and the
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unique lift of y? to T € I"(0). The commuting operators %; and ¥, on & have the

form
1 wi

Ve = | ot~ Yy = wzwt oy™!
1
1 (o))

for some uniformizers @y, w, € # . The relation (6.6) is equivalent to p] = —p;
and pj = —p;, together with

—pp1 = (pwrw,)" ppr = (oo @)’

The condition that (6.14) commutes with ¥, and 7; is equivalent to a = —b7,
d =c7, and

“(em) =) =(om) = (mm)
a= b= c= = .
w W, W[ W) W W, ww,

Now consider the triple (.7, k7, A 7). The operators #; and ¥, on .7 are equal to

1 1

The relation (6.16) is equivalent to

T

P = —pP1 Py = —p2 P = P2 Py = —p1.

The condition that (6.14) commutes with ¥}, and with #; is equivalenttoa,b,c,d €
E satisfying a = —b*, d = c*, and

Finally suppose that E/Q, is totally ramified. Then I" is generated by two
commuting elements: the unique lift of y to y € I'(0), and the unique lift of the
identity in Gal(E/Q,) to € € I'(1). The operators #; and 7 have the form
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for some z € # satisfying ordy (z) = 2. The condition (6.6) is equivalent to pi’ =

02 and pg = —p1, together with

2 € 3 ¢
pp1 = (p2z") pp2 = (222" ) .
The condition that (6.14) commutes with ¥, and ¥, is equivalent to

a’ = —d b’ =c¢ ¢V =—a d’ =b

(%)
a=——=) -
vy

Now consider the triple (.7, k 7, A 7). The operators #; and ¥, on .7 are equal to

together with the extra condition

1 1

The condition (6.16) is equivalent to p;,p, € E together with pi’ = pp and
pg = —pi1. The condition that (6.14) commutes with ¥, and ¥, is equivalent to
a,b,c,d e E satisfying

a’ = —d b’ =c¢ ¢’ =—a d’ =b.

Proposition 6.6.1 For any j € L,(A), j lifts to L,(A;") but not to L,(A;Y )
where

_ ordpu(Qg(j)) +ordy (Dps) + 1 1 if p* is inert in E*
2 2 ifp* is ramified in E".

Proof. If E/Q),, is not totally ramified then the proof is nearly identical to that of
Proposition 6.4.1, so we assume that E/QQ, is totally ramified. The submodule ¥ 'c
P is

' = {wlel +wres € WY wi, wy € IT*W and wy + twy € 1737/}
and the map (6.17) identifies

2/9" = {[Wﬂ eWiws—wyeiw!.

Wyq
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After (6.18) the obstruction obst(j) : 2' — 2/2" is given by

—szzd}

obst(j)(wier +wyez) = [ wiprd

The submodule 2" is generated by IT%e; and {IT1%e; — IT%e, and so the image of
obst(j) is generated by

0 Hzpzd
s=1_5 t= ) .
IT°pid ¢ prd

Of course obst,,(j) vanishes if and only if both s and ¢ are divisible by [T in
2/ 1 which is equivalent to

ordy (IT*p1d) = m + 1
ordy (IT*pad — 117 p1d) = m + 1.
Rewrite these inequalities as
ordy (d) >m + 1
ordy (d) 4 ordy (1 — Cpipy') = m + 2.

There are x;, x, € #* such that p; IT?> = x; and p,IT* = x,. Using pi’ = py and
X1 — x%’ € ITW, we see that x| = x,¢3 (mod IT#'), and so

pipy' = ¢ (mod IT7).
We deduce that ordy (1 — ¢p1p;') > 1, and so the second inequality is a

consequence of the first. Thus obst,(j) = 0 if and only if ordy (d) > m + 1.
But ordy (¢/d) = 0, and so Proposition 6.1.2 implies

ordy (d) —3 = ordys (Q4(/)).

By Proposition 6.2.3, j lifts to L ,(A5*") if and only if m < ordpn(Qg(j)) + 2, as
desired. O

Proposition 6.6.2 For some 8,(A) € F, ]9 satisfying

1 if pt is inert in E*

ord A)) =
pt(Bp(A)) —ord,s(Dp:) i p* is ramified in E*

there is an Eg-linear isomorphism of FIE -quadratic spaces
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(V,(A). 0F) — (E%. B, (A)xxT)
identifying L,(A) = Op; .

Proof. Assume first that E/Q, is not totally ramified. For any j € V,(A), an
argument similar to that used in the proof of Proposition 6.4.2 shows that

J€L,(A) < a,b,c,d e AW,

and the rest of the proof follows as in the proof Proposition 6.4.2.
Now assume that E/Q,, is totally ramified. Decompose (6.14) as

. pz})—c ! pchlu 1
P1 P1

Recall that we have fixed an &g -linear isomorphism of W-modules D = O @z W.
If we now identify O ®z W = # using x @ w — m;(x)w then j may be viewed
as a W-linear endomorphism of #. Using the relations computed earlier between
p1 and p,, and among a, b, ¢, d, we find that (6.23), restricted to Dg C Zg and
viewed as an endomorphism of #j, is

J(x) = pob - x7 + pyc - X7 (6.24)

It follows that for any j € V,(A), j € L,(A) if and only if the W-linear
endomorphism (6.24) of #f, stabilizes #'.
The next claim is that every j € V,(A) satisfies

j€L,(A) & a,b,c,d e T*V. (6.25)

First suppose a, b, c,d € IT># . The theory of higher ramification groups implies
that y = y¥ (mod [1#) for every y € # . In particular if x € % then X =
x¥ + Mr for some r € # . Similarly, if we write b = sI1?> and ¢ = tI1? with
s,t € W ,then b = ¢ implies s +t € I[T# . Therefore

J(xX) = pa(s + OIT> - XV + potIT’r € W'

This proves that j € L,(A). Conversely, assume that j € L,(A). Then for every
yew

by + cyy2 eI’y
Taking y = IT shows that b — ¢ € IT*>#/, while taking y = 1 shows thatb + ¢ €

IT3W . As p # 2 we deduce first that b, ¢ € IT*>#, and then that a, b, c,d € I[1*W
by the relations
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ordy (a) = ordy (b) = ordy (¢) = ordy (d)

computed earlier. This completes the proof of (6.25).

Now start with any Eﬁ—module generator j € V,(A). As a, b, ¢, and d each
generate the same ideal of #, (6.15) shows that one may multiply j by an element
of EE, in order to assume that a, b, ¢, and d each generate IT>% . As in the proof of
Proposition 6.4.2, x > x e j defines an isomorphism Ef, — V,(A), and (6.25) and
(6.15) show that x ® j € L,(A) <= x € O ,. If we define B,(A) = Qi(j)
then Proposition 6.1.2 allows us to compute the valuation of 8,(A) at p*. O

Proposition 6.6.3 For some ,(T) € F 5 satisfying

0  ifptisinertin E*

ord T)) =
pn(ﬂp( 2 —1 ifp]:1 is ramified in E!

there is an Eg-linear isomorphism of F ,9 -quadratic spaces

12

(V,(T), 07) = (E3, B,(T)xxT)

identifying L ,(T) = Z, + D gt/ p1 Oz .

Proof. First suppose that E/Q, is not totally ramified. As in the proof of Propo-
sition 6.4.3, every j € V,(T) satisfies j - 7 C 7 ifand only if a,b,c,d € Of
and satisfy the congruence a = ¢ (mod Ag0p). If E/Q, is unramified then the
congruence is automatically satisfied. If E/Q, is ramified (but Ey/Q, is unramified)
then we may pick a ¢ € O satisfying ¢V = —c¢ (mod AgO%) and set a = —c”.
Then a = ¢ (mod Ag%#), and if we define d = —a” and b = d? then (6.14)
defines an element j € L,(T) with a,b,c,d € O . The proof concludes as in
the proof of Proposition 6.4.3: x +— x e j defines an isomorphism Eﬁ — V,(T)
satisfying x o j € L,(T) if and only if x € Op , and ¢o3(x) = ¢12(x)
(mod Ag0r). Taking B,(T) = Qpr( J) completes the proof in this case.

If E/Q, is totally ramified then the proof of Proposition 6.6.2 shows that any
J € V,(T) satisfies

j€L,(T) < ab,c.d € T’V

and the proof concludes exactly as with Proposition 6.6.2. Note that in this case
Zp"‘@Eﬁ/FﬁﬁEﬁ,p:ﬁEﬁ,p- O

Suppose @ € (F"* and p € Sppt(a), and recall the quantity V() of
Proposition 5.2.3. Assume p¥ € Diff(e, T), so that Wa.p(0, T) = 0 by (4.7).
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Proposition 6.6.4 1. If L,(A) represents o then W, ,(0,A) # 0 and

W, ,(0,T) _ _vpn(()l) .
We »(0,A) 2

log(Nm(q)).

2. If L ,(A) does not represent o then Wy, ,(0, A) and Wy (0, T) are both 0.
Proof. Abbreviate p = pF. There are three cases: (i) p is inert in EF, (ii) p is totally

ramified in E*, and (iii) p is inert in F¥ and p is ramified in E¥.
In the first two cases, Z, + @Eu/puﬁEu,p = ﬁEu,p, and so

0
Wa,p (S, T) = Wa,p (S, ¢ﬁp(T))
0
Wa,p(& A) = WOL,P (S, ¢}3,,(A))‘
Here @;; is in the notation of Chap.4.6 with & = Eg and ¥ = Fﬁ. We first treat

case (ii). Let a be a generator of D¢ , and set V(x) = Vp(a~'x), so that U is

unramified. As p # 2, a is a uniformizing parameter of F, li’ and Propositions 6.6.2
and 6.6.3 imply that

ﬁp(T) = aﬁp(T) ﬁp(A) = aﬂp(A)

both lie in &, . Lemma 4.2.2 implies

Woup (5. @5, ) = lal* Wiep (5. 95 )

L
Wep (5, @5 a)) = la]> Wil (s D5 )

The hypothesis p € Diff(a, T) tells us that V,(T) does not represent o, and so
Proposition 6.2.4 implies that V,(A) does represent «. If L ,(A) does not represent
« then Proposition 6.6.2 implies that aa ¢ O ,,, and so Proposition 4.6.2 implies

Wap(s,T) = Wy ,(s,A) = 0.

Assume now that L ,(A) does represent &, so thataa € O . If yy is the quadratic

character associated to the extension £ g / F,f then Proposition 4.6.2 implies

Wil (0. 20

ﬂp(T)) = )’(VB‘p(T))(l + Xp(Ol,Bp(T))
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*, 0 _ 3
Waa ' (0, 7 0) =YV, + xp(@Bp(A)).
As xp(@f,(A)) = 1, we deduce

Wais (0 %) # O

Moreover, Proposition 4.6.2 and Lemma 4.2.1 imply

* 0 0
Wy ,0.T) Waas (0. qDﬁ,m)

W,,(0.A) — y*v
@A) Waao (0. 95 )

_ _ordpla) + 1 (“2“) 1 Jog Nm(p)

= -2 fog(Nm(a)).

This proves all claims in case (ii). Case (i) is similar but easier, and is left to the
reader.
Now assume we are in case (iii). Let w be a uniformizing parameter of E n, SO

that ,3P(T) = wa,Bp(T) is an element of ﬁ;u . The map x + xw ™!
isomorphism from (EE,, B,(T)xxT) to (Eg ,ép (T)xx"), and identifies

is an

LZp+Dpt)p1Opt

I
C
—~
g=

+

)
N

Therefore .
* _ * o
W, (s, T) = E W, (s, ¢5p(T))'
a€l/pZ

The same argument used in the proof of Proposition 6.4.4 shows that only the a = 0
term contributes, and so

Wy, (s.T) = W5, (s, ¢§p )

Proposition 6.6.2 shows that
W;p (s.A) = Wafp (s, <P§,,<A>)s

and the rest of the proof is similar to case (ii). |
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6.7 The Klein Four Case, Part I

Suppose that Gal(E/Q,) = (y1. y») is isomorphic to the Klein four group, and that
y1 acts on Hom(E, Q) and Hom(E*, Q}*) by

Ty b5} 12 $23

4 T3 o $34
while y, acts by

T <— M 12 o

Ty <—> T3 P14 $34.

If we set Yo = y;1 o ¥, and let E; denote the fixed field of y;, then Ex = E, and

F, = E E,=E
Fl=Q,xQ, E} = Ei x E,.

If E,/Q, is unramified then both Eo/Q), and E;/Q, must be ramified. If E,/Q, is
ramified then Hypothesis 6.3.1 implies p > 2, and it follows from class field theory
that exactly one of Ey/Q, and E; /Q),, is ramified over Q.. In any case, exactly one
of Eo, Ei, [E; is unramified over Q. Let Ay be a generator of the different of E/Q,
and let §; be a generator of the different of E/IE;. One of 8y, 61, 8, generates Ag T,
and the other two are units. The fixed isomorphism (6.9) identifies

wi
W]l — Wy, W3 — Wy € 827/

wo ~
P =~ €W4ZW1—W4,W2—W3651W
w3 ~
W)y — W3, W) — Wy € 50%
Wy

The condition (6.7) implies
ordy (p1Ag) =0  ordy (p2Ag) = 0.

There are two primes of F* above p. One is p¥, and the other we denote by p'i.
First suppose that E/Q, is unramified, so that 800 = AgC%. There are unique
lifts of yo.y1,72 € Gal(E/Q,) to yo € I'(0) and i,y € I'(1). These lifts
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commute, and any two of the three generate I". The commuting operators %}, and
¥, on & have the form

Yo
1 w,

1 _ o’ _
%0: 1 o)’ol 7/)/1: - ! O)’ll

1 wy

for some uniformizers @y, w, € # . The condition (6.6) implies that p; and p,
satisfy p° = —p; and p}’ = —ps, together with

—pp1 = (w1@]"p2)" — pp2 = ()’ pr)".

The condition that (6.14) commutes with ¥, and ¥, is equivalent to the conditions
a” = —b and ¢ = d, together with

pa Y1 pc y2
a=—[——— c=———] .
wly" w5 wly(’ wzy(’

Now consider the triple (.7, k 7, A 7). The operators commuting %}, and ¥, on .7
are equal to

1 1

1 _ 1 _
V)’o: o)’ol /7/1’12 oyll-

The condition (6.16) implies that p; and p, satisfy

pil=—p P =—p g =—p P =—p

The condition that (6.14) commute with 7} and ¥}, is equivalentto a,b,c,d € E
satisfying
a’ = —p = a’l = —q e = —¢.

Next suppose that £ /Q,, is unramified, so that §; 0y = AgOg. There are unique
lifts of yo, y1,y2 € Gal(E/Q,) to y; € I'(0) and yo,y> € I'(1). The group I" is
generated by any two of these three commuting elements. The commuting operators
¥y, and ¥, on 2 are equal to

@) 1
w _ 1 _
%0: o ! O)’Ol %1: 1 O)’ll
(o)) 1
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for some uniformizers @i, w, € # . The condition (6.6) is equivalent to p; and p;
satisfying p}' = —p; and p|' = —p,, together with

—pp1 = (w@;' p1)"° — pp2 = (@] w2p2)".
The condition that (6.14) commutes with ¥, and ¥, is equivalent to the conditions
a = —a b" = —b " =—d

together with

—p b Yo —pa Y0 P d Y0
=) =Gm) =GR
2w2 w1 wl w1
Now consider the triple (.7, k 7, A 7). The commuting operators ¥y, and ¥}, on .7
are equal to

1 _ 1 _
Vo = 1 07/01 Vo = 0711‘

1 1

The condition (6.16) implies that p; and p, satisfy
Py =—p  —pi=p"  p'=—p —p2=p).

The condition that (6.14) commutes with #;, and %}, is equivalentto a,b,c,d € E
satisfying
a’' = —a b" = —b " =—d
together with b = —g and d"° = c.
Finally suppose that E,/Q, is unramified, so that §,0r = AgO%. The elements
Y0, Y1, ¥2 € Gal(E/Q,) admit unique lifts to y, € I"(0) and yo, y1 € I'(1), and I is

generated by any two of these three commuting elements. The commuting operators
Y, and 7, on 7 have the form

u 1

— ! -1

. 1 oV,
ez 1

for some z € ¥ satisfying ordy (z) = 2 and some unit u € #*. The condition
(6.6) implies that p; and p; satisfy p)* = p; and p!> = ps, together with

—pp1 = (zup)” — pp2 = (Z7u"py)".
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The condition that (6.14) commutes with ¥, and ¥, is equivalent to the conditions
a”?=>b c?=—c d” =—d
together with
(_pb)l’o (pd))/o pe A\
a = C = e d == ( ) .
72u zz72 u2u

Now consider the triple (7, k7, A 7). The operators ¥, and #;, on .7 are equal to

1 1
1 _ 1 -
Y = 1 oy Yy = 1 oy
1 1
The condition (6.16) implies that p; and p, satisfy
pyY=p  —pi=p P =, =

The condition that (6.14) commutes with #;, and ¥}, is equivalentto a,b,c,d € E
satisfying
a”=»b c”?=—c d’” = —d

together with @’ = —b and d”° = c.
Proposition 6.7.1 For any j € L,(A), j lifts to L,(A5") but not to L (A )
where
_ ordpn(Qi(j)) +1 )1 if pt is inert in E¥
2 2 ifptis ramified in E*

Proof. 1f either Eg/Q, or E;/Q), is unramified then #5 = #/, p* is ramified in
El, p > 2, and Ag is a uniformizing parameter of 0. The submodule 2! is free
on the generators Age; and Age,. The map 7 — #? defined by (6.17) identifies
9/ P" = W2, and exactly as in the proof of Proposition 6.4.1, obst,, (j) vanishes if
andonly if m < ordy (d). Asc/d € #>* = 0and e(E/Fﬁu) = 2, Proposition 6.1.2
implies

ordy (d) = ordpu(Qg(j)) + 1.

As e(E/Ex) = 1, the claim now follows from Proposition 6.2.3.

Now suppose that E,/Q, is unramified, so that #s = W and p? is unramified
in E¥. The submodule 2' C 2 is generated by Age;, Ages, and e} + e;. The map
29 — W7 defined by (6.17) identifies

2|9 ~ %[Wﬂ eEW? i wy—wy € AgW) .

N
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After (6.18) the obstruction obst(j) : 2' — 2/2" is given by

0 —Agpad —pad
A A .
e I:A]Epldi| e [ 0 } ater |:P1d

The relation p}> = p, implies p; + p2 € # (choose Ag so that A]}g = —Ag,

write p; = XA]EI with x € 7 and use x> = x (mod Ag%#')), and it follows that
obst,, () vanishes if and only if

m < ordy (d) — ordy (Ag).

Asordy (¢c/d) = —2 and e(IE/Fpnu) = 2, Proposition 6.1.2 implies

ordy (d) = ordpn(Qi(j)) + ordy (Ag) + 1,

and so obst,, () vanishes if and only if m < ordpu(Qg(j)) + 1. Ase(E/Eyx) = 2,
the claim follows from Proposition 6.2.3. O

Proposition 6.7.2 For some f,(A) € FIE satisfying ordpn (Bp(A)) =0and

1 ifp¥is inert in E*

ord A)) =
i (Pr(A)) 0 ifp" is ramified in E*

there is an E?,-linear isomorphism of F ,E -quadratic spaces

(Vp(A). 04) — (EE. B,(A)xxT)

identifying L ,(A) = Opy .

Proof. Arguing as in the proofs of Proposition 6.4.2 and Proposition 6.5.2, in all
cases j € V,(A) satisfies

JE€L,(A) < a,b,c,d € AgW.

The rest of the proof proceeds as in the proof of Proposition 6.4.2. Fix any Eﬁ-
module generator j € V,(A). If Ey or E; is unramified over Q, (so that pt is
ramified in E") then by the calculations above

ordy (a) = ordy (b) ordy (¢) = ordy (d),

and we may multiply j by an element of Eg in order to assume that a, b, ¢, d each
generate Ag#/ . If E, is unramified over Q, (so that p? is unramified in E?) then

ordy (a) = ordy (b) ordy (¢) +2 = ordy (d),
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and after multiplying j by an element of E E, we may assume that a, b, c each
generate Ag% . In any case one sets ,(A) = Qi( J) and uses Proposition 6.1.2 to
compute the valuation of 8,(A) at p* and p'i. The rule x + x o j defines the desired
isomorphism Eg — V,(A), as in the proof of Proposition 6.4.2. O

Proposition 6.7.3 For some ,(T) € F 5 satisfying

—1 ifp*and p’i are both ramified in E*

ordy: (B, (T)) = ord,; (B,(T)) = 0  otherwise

there is an E?,-linear isomorphism of F ,E -quadratic spaces

(V,(T), 0F) — (E%. B,(T)xx)
identifying

Zp~+Dpt/piOp if pt andpi are both ramified in E*
L,(T) = '

£t p otherwise.

Proof. The argument is similar to the proof of Proposition 6.4.3. Fix a j € V,(T).

If Eo/Q, is unramified (so that p* and p’, are both ramified in E%) then j € L, (T) if
andonly ifa,b,c,d € Og anda = ¢ (mod AgOg). If one first chooses a, ¢ € Of
satisfying a”' = —a, ¢ = —c, and a = ¢ (mod AgOg), and then sets b = —a’?
andd = ¢, then (6.14) defines an element j € L ,(T). The map x > x e j defines
an isomorphism Ef, — V,(T), and examination of (6.15) shows that x e j € L ,(T)
if and only if x € O , and

Pa3(x)a = ¢12(x)c (mod AgOr).

The congruence is equivalent to ¢p3(x) = ¢12(x) (mod AgO%), from which we
deduce
X .j € LP(T) — X € Zp + rDEﬁ/FﬁﬁEﬁ,p‘

Asa,b,c,d € OF, Proposition 6.1.2 shows that 8 ,(T) = Qi(j) has valuation —1

at each of p* and pi, and x — x e j defines the desired isomorphism Eﬁ — V,(T).

If E;/Q, or E»/Q, is unramified then j € L,(T) if and only if a,b,c,d €
AgOg. One may choose a j € V,(T) such that a, b, c,d each generate the ideal
Ag0g, and again x — x e j defines the desired isomorphism EE, — V,(T). O

Suppose @ € (F"* and p € Sppt(a), and recall the quantity V() of
Proposition 5.2.3. Assume p* € Diff(xr, T), so that We.p(0,T) = 0 by (4.7).
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Proposition 6.7.4 1. If L ,(A) represents o then W, ,(0,A) # 0 and

W, ,(0,T) _ _vpn(()l) .
We »(0,A) 2

log(Nm(q)).

2. If L ,(A) does not represent o then Wy, ,(0, A) and Wy (0, T) are both 0.

Proof. (Sketch) When both p* and pi are ramified in E*, the proof is the same as
the ramified case in the proof of Proposition 6.4.4. Otherwise, the proof is the same
as in the unramified case in the proof of Proposition 6.4.4. We leave the details to
the reader. O

6.8 The Klein Four Case, Part 11

Suppose that Gal(E/Q,) = (y1. y») is isomorphic to the Klein four group, and that
y1 acts on Hom(E, Q?,lg) and Hom(E?, Q?,lg) by

T b/5) Q1 <= ¢n3

T4 3 Q14 <—> ¢
while y, acts by

T b2 12 23

T4 3 14 $34.

Set yo = y1 o ¥», and let E; denote the fixed field of E;. Then Ex = E and

F,=Q,xQ, E,=E; xE,

Fl~E, E! ~E.
The extension E/Q, is ramified, and so Hypothesis 6.3.1 implies p > 2. It then
follows from class field theory that exactly one of Ey, E;, and E, is unramified

over Q,. Let Ag be a generator of the different of E/Q,. As E/Q, is tamely
ramified with ramification degree 2, Ag is a uniformizer of [E. Let §; be a generator
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of the different of E/E;. One of 8y, §;, 6, generates the ideal Ag g, and the other
two are units. The fixed isomorphism (6.9) identifies

w
! W2—W4E(32W

w2
P = eEWV i wi—ws e W
w3 ~
w1 —W3,W2—W4€50W.
Wy

The condition (6.7) implies
ordy (p1 Ag) = ordy (8,) ordyy (p2Ag) = ordy (61).

First suppose that Ey/Q, is unramified, so that §, is a uniformizing parameter
of E. The elements yo, y1,y> € Gal(E/Q,) admit unique lifts yo € I"(0) and
y1,¥2 € I'(1). The group I" is generated by any two of these three commuting
elements. The commuting operators %}, and %}, on & have the form

1 Yo

1 w)

for some uniformizers wy, @, € # . The condition (6.6) implies that p; and p;

satisfy p]” = —py, p}° = —ps, and

—pp1 = (@@ p)" pp2 = (@@}’ po)".

The condition that (6.14) commutes with ¥, and ¥}, is equivalent to ¢’ = —b and
¢ = d together with

pc Y1 pa Y1
a = —_— Cc = .
o )’ w )’

Now consider the triple (7, k 7, A 7). The operators ¥, and ¥}, on .7 are equal to

1 1

1 _ 1 _
%{): o)’ol /7/1’12 oyll-

The condition (6.16) implies that p; and p, satisfy

P’ =—pi P = —pi Py = —p Py = pa.
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The condition that (6.14) commutes with 7}, and %}, is equivalentto a,b,c,d € E
satisfying a” = —b and ¢ = d, together with a’' = ¢,

Next suppose that [£; /Q, is unramified, so that §; is a uniformizing parameter
of E. The elements yo, y1,y> € Gal(E/Q,) admit unique lifts y; € I'(0) and
Yo, ¥2 € I'(1). The group I' is generated by any two of these three commuting
elements. The operators 7}, and %}, on & have the form

o 1

u _
%0: o OVOI %1: 1

Z 1

—1
[e] )/1

where @w € # is a uniformizer, u € W, and z € W satisfies ordy (z) = 2. The
condition (6.6) implies that p; and p, satisfy p!' = —p; and p}' = p,, together with

—ppr = (@@ p)” — pp2 = (uzp2)™.

The condition that (6.14) commutes with 7, and ¥}, is equivalent to a”' = ¢ and
b" = —d, together with

_ v _
o= () =)

Now consider the triple (7, k7, A 7). The operators 7, and 7}, on .7 are equal to

1 1

1 1 1 1

%0 = °Yy 7/)/1 = oy

The condition (6.16) implies that p; and p; satisfy p]' = —p; and p}'

with

= po, together

—ppr=p1" = ppr=py.
The condition that (6.14) commutes with #;, and %}, is equivalentto a,b,c,d € E
satisfying a”' = ¢ and b"" = —d, together with a = —b?0.

Finally suppose E,/Q, is unramified, so that § is a uniformizing parameter of .
The elements yo, y1,y2 € Gal(E/Q,) admit unique lifts y, € I"(0) and yo, y; €
I’(1). The group I" is generated by any two of these three commuting elements.
The commuting operators ¥}, and 7, on & have the form

w _ 1 _
7/)/0 = SO 7/)/2 = )
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where w € # is a uniformizer, u € W, and z € W satisfies ordy (z) = 2. The
condition (6.6) implies that p; and p; satisfy p]> = p; and p}> = —pa, together with

—pp1 = (uzp1)" —pp2 = (@@ p)"".

The condition that (6.14) commutes with ¥}, and 7}, is equivalent to a”> = d and
b2 = —c together with

_ Yo _ Yo
=) =)
Uw w2

Now consider the triple (7, k 7, A 7). The operators ¥, and #;, on .7 are equal to

1 1

_ 1 _
Yy = %Yo Yy, = oYy -

The condition (6.16) implies that p; and p, satisfy

pr=p P =—p P =—p Py = —pa

The condition that (6.14) commutes with ¥}, and 7}, is equivalent to a”> = d and
b2 = —c, together with a = —b".

Proposition 6.8.1 For any j € L,(A), j lifts to L,(A5") but not to L (A} )
where

_ ordpn(Qﬁ(j)) +ordy: (Dpr) + 1 _
2

1 ifptisinertin E*
2 ifp¥ is ramified in E*

Proof. First suppose Ey/Q, is unramified, so that p* is ramified in E¥, §;,8, € OF
and 8§00 = AgOg. The submodule Z' is free on the generators Age; and Age,,
and the map Z — #? defined by (6.17) identifies 2/ 2" = #?. After (6.18) the
obstruction obst(j) : ' — 2/ 2" is given by

0 —Agpad
A A
S |:AJEpld:| me2 [ 0 i| ’

and so obst,(j) vanishes if and only if m < ordy (d). As ¢/d € #* and
e(E/ an) = 2, Proposition 6.1.2 implies

ordy (d) = ordpu(Qi(j)) + 1.
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The claim now follows from Proposition 6.2.3.

Now suppose that E;/Q, is unramified, so that p* is ramified in E*, §),8, €
Oy and §,0r = Ag0Og. The submodule 9" is generated by Age; and e,. The
map 9 — #? defined by (6.17) identifies /2" with #2, and the obstruction
obst(j) : 2' — 2/P" is given by

0 —pzd
A
s [AEPId} e [ 0 }

and so obst,, (j) vanishes if and only if m < ordy (d). Earlier calculations show
that ordy (¢/d) = —1, and so e(E/ F,fu) = 1 together with Proposition 6.1.2 imply

2-ordy (d) —ordy (Ag) — 1 = ordpn(Qi(j)).

Again the claim follows from Proposition 6.2.3. The case of E,/Q, unramified is
entirely similar. O

Proposition 6.8.2 For some ,(A) € F]I‘;1 satisfying ordy: (B,(A)) = 0 there is an

Eg-linear isomorphism of F 5 -quadratic spaces

(Vo(4), 03) — (E}, Bp(a)xxT)
identifying L,(A) = Oy ),

Proof. First suppose that Eg/Q), is unramified, so that p? is ramified in E*. Arguing
as in the proof of Proposition 6.4.2, each j € V,(A) satisfies j € L,(A) if and only

ifa,b,c,d € AgW . If we pick any Eg—module generator j € V,(A), then using
(6.15) and
ordy (a) = ordy (b) = ordy (¢) = ordy (d)

we may multiply j by an element of Eg in order to assume that a,b,c,d each
generate Ag% . Setting 8,(A) = Qg( J), Proposition 6.1.2 implies

2 ordys (B, (A)) = ordy (p1p2 A7) = 0
As in the proof of Proposition 6.4.2, x + x e j defines the desired isomorphism
EL = V,(A).
If E;/Q, is unramified then p! is unramified in E¥ and each j € V,(A) satisfies
j €Ly(A)ifandonlyifa,b,c,d € # . Using
1 4+ ordsy (a) = ordy (b) = 1 + ordy (¢) = ordy (d)

We may constructa j € L,(A) suchthata,c € # and b, d generate the maximal
ideal of . Setting B,(A) = Qﬁ(j), Proposition 6.1.2 implies
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ord,: (B,(A)) = ordy (p1p2) +1 =0,

and again x — x e j defines the desired isomorphism EE, — V,(A). The case of
E,/Q, unramified is similar. |

Proposition 6.8.3 For some B,(T) € F, ,If satisfying ord,: (B ,(T)) = —1 there is an

Eg-linear isomorphism of FIE -quadratic spaces

(VP(T), Qﬁ‘) — (Eg,ﬂp(T)xxT)

identifying
LP(T) = Zp +©Eﬁ/FﬁﬁEﬁ,p-

Proof. First suppose that Eg/Q), is unramified, so that p? is ramified in E*. Arguing
as in the proofs of Proposition 6.4.2 and Proposition 6.4.3, each j € V,(T) satisfies
j € L,(T) if and only if a,b,c,d € O and a = ¢ (mod AgOr). We may
constructa j € L,(T)insuchawaythata,b,c,d € O, and then (6.15) shows that
xej € L,(T)ifandonlyif x € O: ), and ¢12(x)c = ¢3(x)a (mod AgOr). This
congruence is equivalent to ¢12(x) = ¢23(x) (mod AgOr), which is equivalent to
X € ZLp + Dpi/p1 Ops . Setting B,(T) = Q,ﬁr(j) and applying Proposition 6.1.2
gives
2-ordy: (B, (T)) = ordy (p1p2) = 2.

Thus x — x e j defines the desired isomorphism EE, — V,(T).

If either E;/Q, or E,/Q, is unramified then p¥ is unramified in E¥, and each j €
V,(T) satisfies j € L,(T)ifandonlyifa,b,c,d € Og. We may choose j € L,(T)
in such a way that a,b,c,d € 0. Setting B,(T) = anr(j), Proposition 6.1.2
implies

ord,: (B,(T)) = ordy (p1p2) = —1.

and again x +— x e j defines the desired isomorphism Ef, — V,(T). Note that in
this case Z ), + D g1/ p1 Opz , = Ot - O

Suppose @ € (F"* and p € Sppt(x), and recall the quantity V() of
Proposition 5.2.3. Assume p* € Diff(xr, T), so that We.p(0,T) = 0 by (4.7).

Proposition 6.8.4 1. If L ,(A) represents o then W, ,(0,A) # 0 and

Wof,p(O, T) _ Ve (e)
We »(0,A) 2

-log(Nm(q)).

2. If L ,(A) does not represent o then W, ,(0, A) and Wl)[/,p(()’ T) are both 0.
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Proof. (sketch) If p? is inert in E¥ then F}/Q,, is ramified, and
Zp + QEﬁ/FﬁﬁEﬁ,p = ﬁEu,p'
In this case, the proof is the same as that of Proposition 6.6.4 case (ii). If p* is

ramified in E¥, then F, 5 /Q, is unramified over Q,. In this case, the proof is the
same as that of Proposition 6.6.4 case (iii). ]
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